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Abstract: We analyse the computation of the partition function of 5d T/v theories in Higgs 
branches using the topological vertex. The theories are realised by a web of (p, q ) 5-branes 
whose dual description may be given by an M-theory compactification on a certain local 
non-toric Calabi-Yau threefold. We explicitly show how it is possible to directly apply the 
topological vertex to the non-toric geometry. Using this novel technique, which considerably 
simplifies the computation by the existing method, we are able to compute the partition 
function of the higher rank Eq, E 7 and Eg theories. Moreover we show how in some specific 
cases similar results can be extended to the computation of the partition function of 5d 
T/v theories in the Higgs branch using the refined topological vertex. These cases require a 
modification of the refined topological vertex. 
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1 Introduction 

In recent years there has been a lot of progress in understanding superconformal field theories 
in various dimensions. Some of them may not admit any Lagrangian description in the 
ultraviolet (UV). Nevertheless they have played an important role in dualities and dynamics 
of supersymmetric gauge theories. In particular, the four-dimensional T/\r theory 1 , which is 

1 See [1] for a review. 
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“non-Lagrangian” and has SU(N) 3 flavour symmetry, plays the central role in so-called class 
S theories [2], Moreover Higgsing of the T/v theory yields a large class of superconformal 
field theories as well. The five-dimensional version of T/v theories has been constructed in 
[3] by a web of 5-branes. The flavour symmetry of the theory can be visualised by the 
presence of 7-branes attached to semi-infinite 5-branes [4, 5]. The Higgs branch of the theory 
is also explicitly realised as a space of the motion of fractionated 5-branes between the 7- 
branes. Moving the pieces of the 5-branes off to infinity corresponds to giving a large vacuum 
expectation value (vev) to hypermultiplets, and we obtain a different theory in the infrared 
(IR). We shall call such a theory as a Higgsed 5d T/v theory and the corresponding diagram as 
a Higgsed diagram or non-toric diagram. The latter name indicates that its dual description 
corresponds to an M-theory compactification on a certain non-compact non-toric Calabi- 
Yau threefold. This class of theories includes for instance Sp(N) gauge theories with Nf <7 
fundamental hypermultiplets and one anti-symmetric hypermultiplet. It has been expected 
for a long time that these theories have an UV fixed point where the global symmetry is 
enhanced to Enj + { [6-9]. The enhancement of the global symmetries is supported from the 
computation of the five-dimensional superconformal index [10-12]. It is clear therefore that 
using webs of 5-branes it is possible to realise a large class of five-dimensional superconformal 
field theories. 

One of the crucial physical questions is to compute the Nekrasov partition functions of 
the five-dimensional theories. Since the T/v theory does not admit a Lagrangian descrip¬ 
tion, 2 it is difficult to perform the localisation computation, initiated in [16-18], to obtain 
its partition function. However, the refined topological vertex [19, 20] provides a powerful 
tool to compute the partition function of the T/v theory because its web diagram is dual to 
a toric Calabi-Yau threefold. After the removal of some extra factors independent of the 
Coulomb branch moduli it was possible to compute the partition function of the T/v theory 
[21, 22], The enhancement of the flavour symmetries in its superconformal index 3 was also 
checked in [14, 21, 22], and a crucial point in obtaining enhancement of the global symmetry 
of five-dimensional superconformal field theories was the correct removal of the extra factors 
independent of the Coulomb branch moduli [12, 14, 21, 22, 24—28] 4 . 

On the other hand the web diagrams corresponding to Higgsed 5d T/v theories are not 
dual to toric geometries and therefore simple application of the refined topological vertex does 
not work. The formalism to compute their partition function was developed in [21, 28] 5 by 
making use of the technique in [33-38] . The prescription to compute the partition function of 
Higgsed 5d T/v theories is a three step process. The starting point is to compute the partition 

2 Recently, it has been noticed that a certain mass deformation of the Tjv theory induces an RG flow to a 
linear quiver theory [13-15]. 

3 As a matter of fact it is possible to see that the enhancement of the flavour symmetry already happens at 
the level of the Nekrasov partition function after a suitable shift of the Coulomb branch moduli [23]. 

4 References [29, 30] discuss the enhancement of the global symmetry from the viewpoint of fermionic zero 
modes around one-instanton operators. 

5 A different approach was taken in [31, 32] to compute unrefined topological string amplitudes for certain 
non-toric geometries. 
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function of the UV theory which embeds the IR theory by use of the refined topological vertex. 
That is possible if the UV theory is realised by a web diagram dual to a toric geometry. After 
this some of the parameters and moduli of the UV theory are suitably tuned in the partition 
function in order to open the Higgs branch. The result of this process is the partition function 
of the IR theory plus some contributions due to singlet hypermultiplets that are present in 
the Higgs vacuum and need to be removed to obtain the final result. 

Although the prescription to compute the partition functions of Higgsed 5d T/v theories 
is general it requires several steps to carry out the calculation. In particular if the diagram 
involves some complicated Higgsing the computation becomes more and more difficult. Since 
we have a web diagram which corresponds to a Higgsed 5d Tjv theory, it is desirable to develop 
a method by which we can directly apply the topological vertex to the Higgsed web diagram. 
The first observation was made in section 6.3 of [21] where it was experimentally found that the 
refined topological vertex may be applied to some very special non-toric diagrams with some 
modification. In this paper, we will explore the validity of the application of the topological 
vertex to Higgsed diagrams in the full generality. Quite interestingly we will find that the 
standard topological vertex is fully applicable to Higgsed diagrams. Furthermore it will not 
be necessary to remove singlet hypermultiplets after Higgsing when the topological vertex 
is applied directly to the Higgsed diagrams, and the extra factors present in the partition 
function can be readily read off from the Higgsed diagram and easily removed. This new 
method therefore greatly simplifies the computation compared to the previous prescription. 
We will also exemplify the new prescription by computing the partition functions of higher 
rank Eq, £ 7 , £§ theories 5 . These examples clearly show the simplification of our new method. 

Our analysis can be also extended to the refined topological vertex. Remarkably for the 
case with coincident external horizontal legs of a Higgsed diagram it is possible to show that 
one can use the Higgsed diagram to compute its partition function. However, in this case, 
it is necessary to use a new form of the refined topological vertex. A special limit of the 
case reduces to the computation in [ 21 ], and our new refined topological vertex proves the 
observation made in [21]. We will also comment on some special cases of coincident external 
vertical and diagonal legs of a Higgsed diagram. 

The organisation of this paper is as follows. In section 2, we will present the general 
prescription to apply the topological vertex to Higgsed diagrams. In section 3 we illustrate 
our method by computing the partition functions of higher rank Eq, £ 7 , Eg theories checking 
also agreement with the results obtained by field theory computation. We then extend our 
analysis to the refined topological vertex in section 4. Appendices collect the technical details 
of the computational method of the refined topological vertex, the Sp(N ) Nekrasov partition 
functions as well as a short review of identities of Schur functions. 

6 In fact, we will see that the constraint of the corresponding web diagrams implies the mass deformation 
of the theories yields Sp(N) gauge theories with Nf = 5,6, 7 fundamental hypermultiplets and one massless 
anti-symmetric hypermultiplet. 
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Table 1. The configuration of 5-branes and 7-branes in webs. The angle in the (x$, £6)-plane is 
related to the charge of a (p,q) 5-brane. For example, the (1,1) 5-brane corresponds to a diagonal 
line. 


2 Topological vertex for Higgsed 5d T)v theories 

In this section we discuss how it is possible to define the topological vertex to compute the 
topological string partition function of the 5d T)v theory in the Higgs branch. We start by 
showing how the topological vertex can be defined in the simple example of Higgsing parallel 
external legs of the diagram and then discuss the more general case. Finally we conclude this 
section by discussing how the decoupled factors that appear in the partition function can be 
identified in the diagram and appropriately subtracted. The computation using the refined 
topological vertex and the decoupled factor, including their definitions, for a toric diagram is 
summarised in appendix A. 

2.1 Higgs branch of T?v theories 

While there are different ways to engineer 5d Tjy theories in string and M-theory the per¬ 
spective that allows to understand better the Higgs branch of these theories involves webs of 
( p , q ) 5-branes in type IIB string theory [3]. One of the advantages of the use of webs of (p, q) 
5-branes, introduced in [39, 40], is that, by terminating the semi-infinite external 5-branes in 
the diagram on 7-branes, the global symmetry becomes manifest and realised on the 7-branes 
[4, 5]. The brane configuration of the system is shown in Table 1. The T]y theory can be 
realised by a web of 5-branes with N external D5-branes, N external NS5-branes and N 
external (1,1) 5-branes. As an example we show the web diagram of the T 3 theory in Figure 
1 where we can explicitly see SU(3) x SU(3) x SU(3) flavour symmetries realised on the 
7-branes. In writing a web diagram, our convention is that the horizontal direction represents 
X 5 and the vertical direction represents xq, Accordingly, horizontal lines, vertical lines and 
diagonal lines correspond to D5-branes, NS5-branes and (1,1) 5-branes respectively. 

Moreover it is easy to realise the Higgs branch of these theories once 7-branes are intro¬ 
duced: after an appropriate tuning of the lengths of 5-branes in the diagrams it is possible to 
put some of external 5-branes on top of each other, and in this situation the piece of 5-brane 
hanging between the two 7-branes can move off the diagram as in Figure 2. Stripping off 
the piece of 5-branes corresponds to giving a large vev to hypermultiplets. The vev induces 
an RG flow and we obtain a different theory at low energy. We will call such an IR theory 


- 4 - 








Figure 1. The web diagram for the T 3 theory. Each <gi represents a 7-brane. 




Figure 2. An example of Higgsing by tuning the length of two 5-branes labelled as Qi,Q 2 - The 
broken lines represent the directions along x 7 ,x 8 ,x 9 . 

and an IR diagram as a Higgsed 5d T jy theory and a Higgsed web diagram respectively. This 
particular class of Higgsing will be the main focus of this paper. 

It is important to check that the Higgsed diagram preserves supersymmetry. For example 
only a single D5-brane can be connected to an NS5-brane without breaking supersymmetry 
[3, 41], Taking into account this and its SL{ 2,Z) duals in a supersymmetric Higgsed diagram 
some of the 5-branes will be forced to jump over some other 5-branes like in the example in 
Figure 2. 

All the possible ways to put external 5-branes on 7-branes in a T/v diagram can be 
nicely represented by a partition of N. A partition of N, namely a set of positive integers 
[ni, 77 - 2 , • • • , nk] such that Ya=i n * = -W> corresponds to a configuration where n* 5-branes are 
put on the same 7-brane. If Wj of the nt s coincide in the partition, the flavour symmetry 
is S'tllj U(wj)\. For instance the configuration of the external D5-branes of the T/v theory 
is represented by the partition [!,•■■ ,1] with N l’s and this gives SU(N) flavour symmetry 
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as expected. The Higgsing shown in Figure 2 represents changing the partition [...,1,1,...] 
to [..., 2,... ]. Quite interestingly these partitions coincide with the ones which appear at a 
puncture of a Riemann surface characterising class 5 theory. Four-dimensional class S theories 
are constructed by compactifying a six-dimensional (2, 0) theory on a Riemann surface with 
punctures [ 2 ] . 5-brane webs give five-dimensional versions of class S theories and the partition 
which classifies the external 5-branes configuration corresponds to the Young diagram at the 
puncture. Due to this correspondence, we will often call the configuration of external 5-brane 
ending on 7-branes a puncture. 

Another advantage of the 5-brane web is that we can compute the partition function 
of the 5d theory realised by the web diagram. The web diagram of the Tv theory in type 
IIB theory is dual to a toric Calabi-Yau threefold in M-theory and in this dual picture the 
five-dimensional theory is realised as a low energy effective theory from the compactification 
of M-theory on the toric Calabi-Yau threefold. The partition function of the theory can be 
computed by the powerful technique of the refined topological vertex [19, 20] after eliminating 
what we call decoupled factor which is a contribution associated to strings between parallel 
external legs [21, 22, 25]. Technical details of the refined topological vertex as well as the 
decoupled factor are summarised in appendix A. 

The computation of the partition functions of the Higgsed 5d T/v theories is more involved. 
Due to some jumps of 5-branes over other 5-branes Higgsed diagrams are not dual to toric 
Calabi-Yau threefolds and therefore we cannot directly apply the refined topological vertex 
formalism. However it is still possible to compute the partition function of the IR theory 
realised by a Higgsed diagram by first computing the partition function of a UV theory which 
embeds the IR theory and then applying a suitable tuning condition to the parameters of the 
UV partition function. After eliminating some singlet hypermultiplets in the Higgs vacuum 
we obtain the partition function of the IR theory [21, 28]. For example the Higgsing in Figure 
2 requires a tuning 

«■-(!)*■ «-(!)*■ m 

or 

*=(*)’■ <2 - 2) 
where the two conditions give equivalent results of the Nekrasov partition function [21, 28]. 
Here Qi t 2 '■= e~ Ll < 2 where L is the length of the 5-branes. In the dual description the length 
is the size of a corresponding two-cycle. Hence, we will often call Kahler parameter to refer 
to Q. q, t are given by q = e~ e2 ,t = e ei where ei, 62 are the chemical potentials associated to 
the symmetries 50(2) x 50(2) C 50(4), and 50(4) is the little group of the five-dimensional 
spacetime. 

2.2 Topological vertex, external legs 

While the procedure described in the previous subsection for the computation of the partition 
function of 5d Tv theories in the Higgs branch is totally general it is quite clear that it is not 
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Figure 3. Higgsing of parallel horizontal external legs in a TV diagram. The orange dots indicate the 
lines that are shrunk to zero length, and hence we use Q = 1 in the computation of the topological 
string partition function. 

an extremely efficient way to carry on this kind of computations. An improvement would be 
to directly have a formulation of the topological vertex that can be applied to web diagrams 
that are not dual to toric geometries but that can be obtained by toric web diagrams after 
a suitable tuning of its Kahler parameters. Here we will show how this is indeed possible 
for the case of the topological vertex, discussing the simple example of placing external legs 
placed on top of each other and deferring the general case to the next subsection. 

The setup we have in mind is the one shown in Figure 3. The topological string partition 
function for this kind of local diagram can be easily computed for the diagram is toric 

^ = E (—:l) | A* l| + | w | C' Aim0 ( g )C' MM t 1/ *( g )C^ A20 ( g ). (2.3) 

The topological vertex is defined as (A.3) with t = q. Note that we have set two Kahler pa¬ 
rameters Q 12 to 1 since the corresponding two lines are shrunk to zero size. This corresponds 
to the unrefined version, q = t, of the tuning condition (2.1) or (2.2). It is quite straightfor¬ 
ward to perform the Young diagram summations on fj,\ and ( 1.2 using well known identities 
on Schur functions (B.5) and (B. 6 ), and after these summations the partition function (2.3) 
becomes 

z = £ (_ i ) i«ii+i« a |+i^i+i^i g " A2 " a -"1" 2+ " ,,t " a z l/ ( g ) X 

x /rn (Q~ P ) S V \/ K \ (Q~ U ~ P )s K i /*3 ( Q~ P )s K2 / K3 {q~ p )s v t 2 /K t 2 {q~ ut ~ p )s X2 / V2 ( q~ p ) x (2.4) 

-fj (1 - q i+ ^-^){l - q i+ i~ i""*) 

x (i-^- 1 ) ■ 
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a 2 


Figure 4. Higgsing of parallel horizontal legs in a Ty diagram. The orange dots indicate the lines 
that are shrunk to zero length. 


The last terms in (2.4) are very important at this level, note in fact that if v 7 ^ 0 the product 
will always be zero. This greatly simplifies the expression and using the identity (B. 8 ) of 
Schur functions we can arrive to the simpler expression 


|A 2 l| 2 -||A f 2 [' 2 


Z = ^q 2 s x t i/li3 (q p )s X2 / K3 (q p ) \\{l~q l+J X ) = C XlX2$ (q) X ). 

i,j =1 i,j= 1 

(2.5) 


K 3 


We see therefore that, up to an infinite product factor, the partition function reduces to a 
simple topological vertex. Since the infinite product factor will eventually contribute only 
to decoupled factors in the partition function of a diagram we will cancel it already at this 
level and propose that the partition function can be computed simply applying the usual 
topological vertex rule in the Higgsed diagram. 

Note that we have carried out the computation with a specific choice of the ordering of 
the Young diagrams in the topological vertices. A similar computation can be performed 
for other different choices of orderings in the topological vertices obtaining a result which is 
always consistent with the cyclic symmetry of the topological vertex. 


2.3 Topological vertex, general case 

The procedure described in the previous subsection was limited to a simple case, namely the 
case in which the branes that are placed on top of each other are external in the diagram. 
However, while in order to enter the Higgs branch of the T,y theory placing external branes 
on top of each other is the starting point, the propagation of the generalised s-rule [3, 41] 
inside the diagram leads in some cases to a situation in which some internal branes are placed 
on top of each other, so that it is necessary to have a rule for the topological vertex for this 
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more complicated case. We will follow the same strategy of the previous computation, we 
show in Figure 4 the diagram we are considering in this case. 

The topological string partition function for the local diagram can be computed as usual 
using the topological vertex 


Ziyi, ^3! Ai, A 2 ) 


Ml,M 2 


( 2 . 6 ) 


where for the moment we did not impose the tuning condition Q\ = Q 2 = 1. Again it is 
quite straightforward to perform the summations on the Young diagrams /r 1 and /12 giving 
the following result 


z[y 1, ^3; ^2, Ai, A2) — E ( — 


»7l| + |«2|-|K3|| 


Q 2 -)\m\+W i \-\^\q 


| A 2 ll 2 - l | A ||| 2 +||^|| 2 + ||^|| 2 +||^|| 2 


,,t 


XS\ l/m {q Ul U2 p )s Kl/K3 (q ^ P) 

X s K2 / K3 {q~ Ul ~ p )s v t 2/K t 2 {q~^~ p )s X2/m (q~ l ' 3 ~ p ) 

(1 - Qig*+i- 1 -^ 1 ,i-^, 3 )(i _ Q 2 q i+j ~ l -"ii- v h) 


Z Vl (q)Z V2 {q)Z V3 (q) JJ 

i,j =1 


(1 — Q 1 Q 2 q 




a.) 


(2.7) 


As in the previous case it is extremely important to carefully look at the last factors in (2.7), 
and in this case we find that it is important to define properly how to impose the tuning 
condition Q\ = Q 2 = 1 . We start by setting Qi = Q 2 = Q and then finally take the limit for 
Q going to 1. We observe the following behaviour of the infinite product term 

Hm yr (1 - 1 ~ Qq i+j ~ l ~ U ^~ V ^) 

= 4 F^\q), ( 2 . 8 ) 

where n is the number of zero terms in the product J([°^ =1 (l — Qq i+ ^ 1 ~ Vl ' i ~ 1 ’ 3 ^ when we set 
Q = 1. When u\ = u 2 or 1/3 = u 2 , the explicit expression of F^ 1 ,V 3 \q) is 

OO OO 

Y[(l-Qq i+j - 1 - Vl ’ i - v ^) or J] (1 - Qq i+i - 1 - v ^- v h)^ (2.9) 

i,j= 1 i,j =1 

respectively. It is important to note that (2.8) can be non-zero even if both v\ = v\ and 
ZZ 3 = are n °f satisfied. 

As opposed to the intuition from the Higgsed web diagram in Figure 4, neither zq = v\ 
nor ZZ 3 = v 2 is required for a non-zero result of (2.7). Even in the case with zq = v 2 or ^3 = v 2 i 
the infinite product factor gives the odd “weight” ^ as in (2.8). When we simply focus on 


lim 

Q->1 \1 - Q- 


F&^Xq) 
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the case of zq = v\ of (2.7), it is possible to use the identity (B.7) and arrive at the following 
result 


Z(v A 2 ) = q 


l|A2ll 2 -||A||| 2 + l|^il| 2 + lklll 2 + lk 3 ll 2 


Zl(q)Z U 3 (q) 


oo 


M=1 

1 W^iW 2 + \W[\\ 2 


K3 


( 2 . 10 ) 


2 n<1 


z 2 u m ) c kx 2 4< i ) na -^- 1 




M=1 


where we also used that Z v (q) = Z u t(q). At this point note that 

OO OO 

(1 - gj+J- 1 -^-^) = JJ (1 _ gi+J- 1 ) _ g^( s )+“-( s )+l)( 1 _ g-^( s )- a ^( s )-l) 


*,J=1 


*d=i 


sGz/ 


(- l )! 1 "! (1 — g *+^ _1 ) JJ (1 - g ^( S )+°^( S ) + 1 ) 2 g -^( S )- a ^( S )- 1 

*J = 1 


s£v 
J+j-l\ 7 -I 1 


(-i) 1 " 1 na- 

2J = 1 


( 2 . 11 ) 


so that in the end we arrive at the quite simple result 

1 OO 

Z( 1 ai,^;^,A 1 ,A 2 ) = -(-1)I‘'>IC a . Ji „,(«) ni 1 -^- 1 ). < 2 - 12 ) 

i,j= 1 

Therefore, we obtain the single topological vertex as in section 2.2 but the weight ^ appears 
in the final expression. Also (2.12) is not exactly equal to (2.7) with Q\ = Q 2 = 1 since we 
ignore the cases where zq 7^ The case with zz 3 = vt 2 also yields the same expression with 
zq exchanged with zq and we again have the weight ^. 

While these facts may lead to think that it is not possible to define a variation of the 
vertex rule for the diagram in Figure 4 we will now argue that, after the properly gluing the 
remaining contributions involving the Young diagrams zq and zq, the rule for the computation 
is rather simple. Since we assume that both zq and 1/3 are non-trivial, those legs should be 
glued to some other legs in a complete diagram. Hence, in order to compute the partition 
function of the Higgsed diagram, it is enough if we obtain the same result after performing 
the Young diagram summations of zq, zq. In fact, it will turn out that the computation by 
replacing (2.7) with the single topological vertex as in (2.12) but without ^ exactly yields 
the same result as the original one of (2.7) after summing up the Young diagrams zq, zq. 
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A 2 


Figure 5. Higgsing of parallel horizontal legs in a Tpf diagram with some additional parts of the 
diagram glued. The orange dots indicate the lines that are shrunk to zero length. 


To this end we consider the diagram in Figure 5 and compute its local contribution to 
the topological string partition function. The result is the following one 


Z(u 2,A!,A 2 ) = ^(-Q)l^l+l-3l C00j/i ( g)C00iy 3( g ) Z (^ 1)Z/ 3 ;I , 2)Al;A2 ) 

v 1,1/3 

Il^ll 2 +I|A 2 II 2 -Il4ll - 

= Q 2 Z U2 (q) 

E^(- < 5) KI+|!y3lz i { " 1 ’" 3} ^,Ai,A 2 ), 

^1,^3 


where we defined 

z\ Ul ' Vs \i' 2 , Ai, A2) = 


£ 


(_l)l»7i|+l»72l+l«i|+l«2|-2|/63| 


X s Xl/m (q- U2 ~ p )s Kl / K3 

x s K2 / K3 (q- Ul ~ p )s v t /K t 2 ( q~^~ p )s X2/m {q-" 3 - p ) 

Ihll| 2 + ll-dl| 2 + ll^3l| 2 + ll4l| 2 ~n . . ~n . .. 1 . 

X q - 2 - Z 2 ul (q)Z 2 u Jq) F^\q) , 


(2.13) 


(2.14) 


We then compare the result (2.13) with another computation by replacing the vertical strip 
diagram in Figure 5 with the single topological vertex as in Figure 6. The topological string 
partition function computed from the local diagram of the right figure in Figure 6 is 


Z'iy 2,A l5 A 2 ) = Q |i/2| C 00[/| (g)^(-Q)l l 'IC' 00i/ (g)C AtiA2i/t (g) 


= 


\w\w 2 


Zu 2 {q) 


ii>2ir-ii*2i 


E(- < 3) Mz 2 M (A 1 ,A 2 ), (2.15) 
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6 Mi 



QQ 2 > ^2 


Figure 6. The replacement of the vertical Higgsed strip part with a trivalent vertex after gluing two 
horizontal legs. 


where we omitted a factor (— (^ 2 )^ since this is not taken into account in (2.13) either. We 
also defined 


Z^ } (X 1 ,X 2 ) = q 


Hr+iKir 


Zl(q)^s Xl/rj {q ut p )s X2/v {q 


-u-p\ 


(2.16) 


We argue that the summation over two Young diagrams u\ and z/3 by (2.14) can be 
precisely reproduced by the single Young diagram summation of v by (2.16) up to a irrelevant 
infinite product. More specifically, we propose that 1 


1 OO 

E ^(-q) 1 " i1+W31 4 u1,U3} ("2,\i,\2) = q m E (~q) m 4 u} ^ i,a 2 ) na-^'- 1 ). 

^ 1,^3 V i ? — 1 

\ Ul \ + \lS 3 \ =K \v\=K-\v 2 \ 

(2.17) 

Note that the summation in (2.17) is taken over for fixed k. We have checked this relation 
for different choices of Ai, A2 and V 2 and for different values of k hnding always perfect 
agreement. The appearance of the Q^ in (2.17) is consistent with the fact that in Figure 6 
in the Higgsed diagram the summation is associated with a leg whose Kahler parameter is 
QQ 2 - Hi other words, Q^ factor of (2.17) reproduces the Q^ factor appearing in (2.15). 

In order to obtain clearer picture of how the relation (2.17) holds, let us see it more 
explicitly 8 . For example, (2.16) with v = [2] for Ai = [1], A2 = [1,2] is reproduced by the 
relation 

[1], [1,1]) + [1], [1,1]) = zf 21, «l]. [1,1]) ■ (2.18) 

'Actually we observe that something stronger than (2.17) holds. In fact per each Young diagram v there 
exist a set of pairs of Young diagrams (z^i, v 3 } such that the sum on the left hand side of (2.17) restricted to 
these pairs correctly reproduces (Ai, A 2 ). In the following explicit examples we will see the occurrence of 
this phenomenon. 

s In the examples we are going to discuss we shall forget about the infinite product appearing in (2.17). 
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with 


Zf [2] ’ 0} (0, [1], [1,1]) = Z?’ [2]} (0, [1], [1,1]) = 4 [21} ([ 1], [1,1]), (2.19) 

which is essentially due to the relation (2.12). The factors of | in (2.18) represent the weight 
2^- with n = 1. Note also that the other k = 2 contribution from Z^ 1 ^ 1 ^(0, [1], [1,1]) is zero. 
Therefore, the effect of the weight t) in this case is precisely to reproduce the single Young 
diagram dependence from the double Young diagram dependence. Namely, the odd looking 
weight with n = 1 is really necessary to reproduce the single Young diagram summation 
from the double Young diagram summations. 

One less trivial case with n > 1 is, for example, (^1,^3) = ([2,2], 0) with ^2 ,Ai,A 2 being 
trivial. In this case, we have a weight ^. However, there are other non-zero results with 
k = 4 coming from (^1,^3) = ([2, 1 ], [1]) and ([2], [1,1]). Their weights are also and a 
non-trivial summation relation holds, 

zf [2,2],0} (0,0,0) = Z 1 {[2 ’ 11 ’ [1]} (0,0,0) + Z 1 {[2] ’ [1 ’ 11} (0,0,0). (2.20) 


Hence, the sum of the three terms becomes 



{[ 2 , 2 ], 0 } 

1 


(0, 0, 0) + Z{ [2,1],[1]} (0, 0, 0) + Z{ [2] ’ [1 ’ 1]} (0,0,0) 


= I Z {[2,2],0} 

2 1 


( 0 , 0 , 0 ) 


( 2 . 21 ) 


The same phenomenon happens when v\ is exchanged with ^3, and we finally obtain 

1 z { [2,2] , 0 }( 0 ^ + 1 z {0,[2,2]}^ 0^ 0) = z 2 {[2 ’ 2]} (0, 0 ) . (2.22) 

We again see that the double Young diagram dependence becomes the single Young diagram 
dependence. 

By using (2.17), we have found that 9 


Z{v 2 , Ai, A 2 ) — Z'{v 2 , Ai, A 2 ) • 


(2.23) 


Namely, after the summation, we obtain the same result up to the infinite product factor 
when we replace the vertical strip part of the diagram in Figure 5 with a trivalent vertex as 
in Figure 6. This leads to a proposal that we can always perform the replacement of Figure 
7 for the computation of the partition function of theories from Higgsed diagrams since both 
methods give the same result. Therefore, for the Higgsing in Figure 4, we can again use the 
topological vertex 10 

Z(yi, zz 3 ; zz 2 , Ai, A2) —> ( — 1)^ C x{X2U t(q) (2.25) 

9 In the following we shall remove the infinite product term that appears in (2.17) because this is only a 
contribution due to singlet hypermultiplets. 

1(, Or we can also use 

Z(u 1 ,u 3 -u 2 ,\ 1 ,X 2 ) (-1 C x{X 2 „t(q) (2.24) 

with V 2 = V 3 . The two ways of the replacement give the same result in the end for the computation of a 
complete diagram. 
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Figure 7. The general procedure for the computation of the topological string partition function in 
a Higgsed diagram. 

with z^2 = ;y i- Namely, using this rule which pictorially we illustrate in Figure 7 it is therefore 
possible to directly compute the topological string partition function applying the topological 
vertex to the Higgsed diagram. 

Note moreover that the vertex (2.25) that replaces the original diagram contains a peculiar 
factor of the form (—1)I 1/ L The presence of this factor is actually perfectly consistent and 
allows us to compute the topological string partition function in the Higgsed diagram with 
the usual rules of the topological vertex. We show in Figure 7 how the Kahler parameters 
are assigned in the case of gluing some legs, and the presence of the additional (—l)l l/ l factor 
simply allows to compute the topological string partition function introducing the usual factor 
(-Q )^ where we called Q the total Kahler parameter of the two glued legs. In the example 
of Figure 7, the Q is QQ 2 - 

We would also like to discuss an explicit example to further corroborate our conjecture. 
The diagram we consider is the one in Figure 8. We can first try to compute the result 
by simply applying the topological vertex to the Higgsed web diagram of the right figure of 
Figure 8. Since the Higgsed web diagram consists of a single T 2 diagram 11 it is possible to 
compute the topological string partition function performing all Young diagram summations 
and the result is simply [21, 22, 42] 

yHiggs T 3 -l _y _ TT (1 - QlQ2Q3g t+J *) rifc=l(l ~ Qkq l+j *) /„ 

T2 11 (l-QiQ29 i+ J- 1 )(i-Q 2 Q 3 ? i+J '- 1 )(l-QiQ39 <+J '- 1 )' J 

Let us compare the result with the one computed by the original method using the tuned 
UV diagram of the left figure of Figure 8. In this example it is also possible to directly use 
the result of the topological string partition function for a Higgsed T3 computed in [28] and 
perform an additional Higgsing in the diagram. The result is simple and can be written in 

11 The trivalent vertex with trivial representations on all the legs gives a trivial contribution. 
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Figure 8. On the left: a particular Higgs branch of a T 3 diagram. On the right: the diagram that 
allows to compute the topological string partition function with a single gluing. 

terms of infinite products 

Z Higgs T3-2 = TT (1 - g i +-?~ 1 ) 2 (l - Q^Q.q^) ntl(l ~ Qk (o 27) 

M Al - QiQ2q i+j - l ){l - Q2<hq i+j - 1 ){l - QiQzq i+j ~ l ) ' 1 ' ’ 

We see therefore that up to some irrelevant singlet hypermultiplets the two results perfectly 
agree providing further evidence for the procedure we described. 

Finally one last comment regarding the cyclic symmetry of the topological vertex. While 
we have done our computation with a very specific choice of ordering of the Young diagrams 
in the topological vertex it is possible to do the computation with all other possible order¬ 
ings and the result is always consistent with the cyclic symmetry of the topological vertex 
(although it is not necessary to appeal to it to do the computation). 


2.4 Decoupled factors for Higgsed 5d T/v theories 

In this section we discuss how to correctly identify the decoupled factors in the Higgsed 
diagram. It is nice if a simple variant of the usual rule for the identification of these factors 
can be applied to Higgsed diagrams leading to a very simple procedure for the subtraction of 
these contributions in the partition function. We will see in this subsection that this is indeed 
the case. Moreover we will see that a great advantage of using the vertex rule for the Higgsed 
diagram is that it is no longer necessary to identify and cancel the contributions of singlet 
hypermultiplets because these contributions are not present at all in the Higgsed diagram. 

We start by recalling the usual rule for the identification of decoupled factors in a toric 
diagram which is more easily described in the M-theory dual [21, 22]: decoupled factors 
can be identified as the contributions coming from M2-branes wrapping curves with zero 
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Figure 9. Diagram contributing to decoupled factors in the topological string partition function. 

intersection number with any compact divisor of the geometry. In particular these curves can 
be continuously moved off to infinity and the states carry charge only under global symmetries 
of the 5d theory. We show in Figure 9 the basic example of a diagram containing decoupled 
factors whose contribution to the topological string partition function has the following form 

oo 

Zdec = II t 1 - • (2-28) 

i,j= 1 

Since decoupled factors always involve pairs of parallel external legs we will always refer 
to them as decoupled factors coming from parallel external legs. The claim of [21, 22, 24, 
25] is that the correct partition function of the 5d field theory can be computed from the 
topological string partition function by appropriately cancelling these contributions, namely 
the 5d Nekrasov partition function has the following form 

Z N ek = ^ • (2.29) 


We would like to discuss how the contributions of decoupled factors can be computed 
in the case of a Higgsed diagram. We will look directly at the example of putting a pair 
of parallel external 5-branes on top of each other for this already contains all the relevant 
information. The diagram we consider is in Figure 10, and in particular we will be interested 
in the contribution of decoupled factors coming from parallel diagonal legs. We see that in 
the toric diagram (therefore before putting the horizontal 5-branes on top of each other) the 
only contribution to the decoupled factor in the local part of the diagram we are considering 
is simply 

OO 

z dec,/l = II - QiQ2Q i+j ~ 1 )~ 1 • (2-30) 

i,j =1 

We would like now to look at the particular case in which we put the two parallel horizontal 
external legs on top of other, and in order to do this we need to tune the Kahler parameters 
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Figure 10. On the left: Diagram with decoupled factors coming from parallel diagonal and horizontal 
legs. On the right: The diagram after Higgsing corresponding to putting external horizontal legs 
together. 

of the diagram so that Q\ = Q 3 = 1. After entering the Higgs branch the contribution (2.30) 
will still be present, however the curve with Kahler parameter Q 1 Q 2 is no longer present in 
the diagram and it seems a bit subtle to correctly identify the contribution of such decoupled 
factor directly in the Higgsed diagram. In fact in the case in which Qi = Q 3 = 1 because of 
the geometric relations in the diagram it is true that Q 2 = QaQ§ and the contribution to the 
topological string partition function of the decoupled factor is simply 

OO OO 

Zdecj/ = n a - Q 2 <? +j ~ l r l = n a - QM + 3 ^r x • (2.31) 

i,j=1 i,j=1 

We see therefore that, while the original curve that contributed to the decoupled factor is no 
longer present in the Higgsed diagram, it is true that a different curve is still present hosting 
the same contribution and therefore the contributions due the decoupled factors can be easily 
identified in the Higgsed diagram as well. The rule we have described is actually sufficient to 
correctly compute the decoupled factors in any Higgsed diagram for more complicated cases 
can always be studied by simple iteration of this rule. 

Another fundamental piece in the correct computation of the partition function in the 
Higgs branch of 5d theories is the correct identification of the contributions of singlet hyper- 
multiplets to the partition function for these contributions need to be subtracted as well from 
the partition function in order to get the correct result. The rule that was used in [21, 28] to 
correctly identify these contributions is that these hypermultiplets will come from M2-branes 
wrapping curves connecting pairs of legs in the diagram that become external after entering 
the Higgs branch. Remarkably these contributions are totally absent if the partition function 
is computed using the usual topological vertex rule for Higgsed diagrams 12 . The absence of 

12 We stress that it is crucial to drop the infinite product term in (2.23) in order not to have any contribution 
of singlet hypermultiplets in the case of Higgsed diagrams. 
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Figure 11. The diagram which illustrates the cancellation between decoupled factors and singlet 
hypermultiplets. The decoupled factors coming from strings between the green leg and the other 
external legs cancels the contribution of singlet hypermultiplets coming from strings between the red 
leg and the external leg after the Higgsing. The orange dots indicates the lines becoming zero size. 


these contributions is due to a cancellation of contributions between a part of the decoupled 
factors and singlet hypermultiplets and we will show now the basics of this cancellation. 

We show in Figure 11 the situation we are considering. Note that after putting the 
pair of external 5-branes on top of each other the 5-brane coloured in red will become an 
external brane and therefore there will be contributions due to singlet hypermultiplets in the 
partition function that originate from curves connecting the new external 5-brane and the 
5-branes that were external before entering the Higgs branch. The contributions due to these 
hypermultiplets in the partition function is easily computed 

oo n / k \ 

Z hyper = C 1 - II 1 “ II M ' (2-32) 

i,j =1 k =1 V 1=1 ) 

However the topological string partition function also contains contributions due to the decou¬ 
pled factors that come from curves connecting the external 5-branes of the original diagram 
before entering the Higgs branch, and in particular if we consider the contributions that 
involve only curves connecting the 5-brane coloured in green in Figure 11 we see that this 
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contribution is 


oo n / k \ 

^iec = n - ? i+j ' -i )“ 1 n 1 - ^ +i_i n ^ • ( 2 - 33 ) 

ij=l fc=l V Z=1 / 

Therefore we see that the total contribution in the topological string partition function is 

OO 

z hyper Z dec = n (i - q^- 1 ) • (2.34) 

M=1 

Note that the infinite product term actually coincides with the one appearing in (2.23) and 
this factor is dropped when computing the topological string partition function for a Higgsed 
diagram. Therefore we see that contributions of singlet hypermultiplets are not present at 
all in this kind of computation. Since decoupled hypermultiplets appear only when two legs 
are placed on top of each other this argument is sufficient to show that the contributions 
due to these hypermultiplets will be totally absent. In the Higgsed diagram therefore there 
will be no contributions due to decoupled hypermultiplets whereas some contributions due to 
decoupled factors will still be present. However these are nothing but the standard decoupled 
factors that can be easily identified from the Higgsed diagram instead of the original toric 
diagram, using the prescription described before in this section. Therefore, we need to only 
remove the contributions of the decoupled factors associated to the Higgsed diagram. 

To summarise we see that it is possible to understand which are the contributions to 
the partition function due to decoupled factors by simple inspection of the Higgsed diagram. 
This is natural because in general these contributions will appear in the topological string 
partition function which, as we have seen in the previous section, can be computed by mere 
application of the topological vertex to the Higgsed diagram. Therefore the analysis of the 
Higgsed diagram is sufficient to correctly identify these contributions which, as it happens in 
the case of web diagrams dual to toric Calabi-Yau threefolds, are given by strings between 
parallel external legs that are connected by a curve in the Higgsed diagram. This for instance 
implies that if the Higgsed diagram is given by two disconnected diagrams the decoupled 
factor will be given by the product of the decoupled factors of each diagram, and in the next 
section we will see some explicit examples in which this occurs. 

3 Examples 

In this section, we apply the technique of the topological vertex obtained in section 2 to certain 
Higgsed 5d T/v theories. The analysis in section 2 shows that we can apply the rule of the 
topological vertex as well as the decoupled factors directly to Higgsed web diagrams although 
the web diagram is not dual to a toric Calabi-Yau threefold. Therefore, the computation is 
greatly simplified because we do not need to compute the topological string partition function 
for a larger web diagram which yields a UV theory. We will see it by explicitly computing 
the topological string partition function from web diagrams which realise the rank 2 Eq , E-j 
and Eg theories. 
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Figure 12. The web diagram of the rank 2 Eq theory. 

3.1 Rank 2 Eq theory 

The rank 2 Eq theory can be realised as an IR theory in a Higgs branch of the Tq theory. 
The web diagram is depicted in Figure 12. The full puncture [1,1,1,1,1,1] of the Tq theory 
reduces to [2, 2, 2], which gives an SJJ{ 3) flavour symmetry. Hence, we have in total SU( 3) x 
517(3) x 517(3) flavour symmetries which are nicely embedded in Eq. In general, the rank N 
Eq theory is obtained by Higgsing each of the full punctures of the T37V theory to [. N , N,N]. 
The mass deformation of the rank N Eq theory gives an Sp(N) gauge theory with five flavours 
and one anti-symmetric hypermultiplet. 

From the web diagram in Figure 12, we can clearly see that the web diagram of the rank 2 
Eq theory consists of two copies of the web diagram of the rank 1 Eq theory, which is nothing 
but the T3 theory. Let the T3 diagram with the larger and smaller closed face be [T3] 1, [T^ 
diagram respectively. The [Tq]\ web diagram is depicted in Figure 13. Since the topological 
vertex computation for Higgsed web diagrams can be carried out just by the usual rule of the 
topological vertex for toric web diagrams, the topological string partition function from the 
rank 2 Eq web diagram should be given by the product of two topological string partition 
functions computed from each T3 web diagram, namely 

< = Z™ 1 [Pi] ■ Z\ 5 l2 [P 2 ], (3.1) 

where [P,] represents the topological string partition function from the \Tq\i diagram 

with a set of parameters and moduli Pi, for i = 1,2. P \are related to the lengths of finite 
length five-branes in the [X3] 1,2 web diagram respectively. The relation between Pi and P2 
may be read off from the web diagram of the rank 2 Eq theory in Figure 12. Furthermore, the 
decoupled factor for Higgsed web diagrams can be also directly understood as the decoupled 
factor associated with strings between parallel external legs of the Higgsed web diagrams. 
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Figure 13. The [Ta]i web diagram for the rank 1 Eq theory. 


Therefore, the decoupled factor for the rank 2 Eq diagram should be also the product of the 
two decoupled factors from each T 3 diagram, namely 

zS* = z£ 1 i [a]-zJ£ 1i [«]. < 3 ' 2 ) 

[rp I 

where Z) e 3Jl [Pi] represents the decoupled factor of the [T^j diagram with a set of parameters 
Pi, for i = 1,2. Therefore, the partition function of the rank 2 Eq theory realised by the web 
diagram should be given by 13 


r^rk2 Eq 

7 rk2 Eq A t°P 

7 rk2 Eq 
A dec 


zg'MPi] zg b W 
z'P'm zgf[p 2 )’ 


(3.4) 


and therefore it is the product of two partition functions of the X 3 theory. 

Let us then see how the parameters of the Sp(2) gauge theory arise in the web diagram of 
Figure 12. For a theory realised by a web diagram a local deformation which does not move 
semi-infinite 5-branes corresponds to a modulus of the theory while a global deformation 
which moves semi-infinite 5-branes corresponds to a parameter of the theory. In the case of 
the rank 2 Eq diagrams, each size of the two closed faces gives a local deformation. Hence 
each [Tq] \ 2 diagram has one modulus, which is in fact a Coulomb branch modulus and we 
shall call these two moduli ai,(i = 1,2) respectively. The rank 2 Eq web diagram has in 
general 6 global deformations. Five of them are mass parameters m a , (a = 1, • • ■ ,5) of the 

13 In this paper, we do not take into account the perturbative contribution from the Cartan part of the vector 
multiplet. That contribution is not included in the topological vertex computation. The contribution is easily 
recovered by introducing the factor 

n(i-^- i )- [ "- kQ] , (3.3) 

i,j =1 

where rank G is the rank of the gauge group G. 
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five fundamental hypermultiplets, and one of them is the instanton fugacity u or the gauge 
coupling of the Sp( 2 ) gauge group. One might be tempted to think that there is another 
parameter which corresponds to the relative distance between the centres of mass of the 
two closed faces. However the semi-infinite 5-brane ending on the same 7-brane should be 
grouped together. Hence, such a degree of freedom is frozen. One can also argue that we 
should have one gauge coupling after tuning off the Coulomb branch moduli. This also implies 
that the centres of the two closed faces should be at the same position. Hence, the parameter 
corresponding to the relative distance between the centres of mass of the two closed faces is 
absent. 

When the centres of mass of the two closed faces coincide with each other, all the global 
deformations are given by the masses of the five flavours and the instanton fugacity of the 
Sp( 2 ) gauge group. Hence, the theory realised by such a web diagram should correspond 
to an Sp(2) gauge theory with 5 massive fundamental hypermultiplets and 1 massless anti¬ 
symmetric hypermultiplet. Therefore, the web diagram Figure 12 realises a special rank 2 Eq 
theory. 

For the computation of the topological string partition function from the rank 2 Eq 
diagram we need explicit relations between the parameters and the moduli of the theory and 
the lengths of finite size 5-branes in the web diagram. It turns out that we can use the 
same parameterisation as that of the T 3 diagram, which is determined in [ 21 ], but the only 
difference is that we use aj ,2 for the Coulomb branch moduli for the parameterisation of the 
[T 3 ] 1.2 diagrams respectively. Namely, we choose in Figure 13 

Qi=e -( mi - ai ), Q 2 = e -^- m2 \ Q 3 = e -(- Q i-™ 3 ), Q 4 = e - (m4+Ql) , 

Q 5 = e-lmB-m), Qf = e -2ai } Q h = ue -ai-±(-m 1+ m 2 +m 3 +m 4 -m 5 ), ( 3 . 5 ) 


for the [X 3 ] 1 diagram. The parameterisation of the [T 3]2 diagram is the same as (3.5) with 
ai exchanged with a 2 . Here Q := e~ L where L is the length of the 5-brane or the size of the 
corresponding two-cycle in the dual M-theory picture. Hence, the product relation (3.4) can 
be written more precisely by 


\rp I 

rk2 e 6 = Z top - ,m 5 ,u] 

Zfec 1 




,m 5 ,u\ 


7p3]2 
^dec 


[mi,- 


(3.6) 


,m 5 ,u\ 


Note that the decoupled factors do not depend on the Coulomb branch moduli. 

The physical meaning of the parametrisation is also clear. Strings in the [T 3 ]i diagram 
yield particles with mass given by ±a 3 ± rri a , a = 1, • ■ ■ ,5 with appropriate signs. On the other 
hand, strings in the [T 3 ] 2 diagram yield particles with mass given by ±a 2 ± m a , a = 1, • • • ,5 
with appropriate signs. Note here that the weights of the fundamental representation of 
the Sp( 2 ) Lie algebra are given by ±ei,±e 2 where {ei,e 2 } are orthonormal basis of M 2 . 
Therefore, the fundamental hypermultiplets related to weights ±ei come from strings in the 
[T 3 ]i diagram, and the fundamental hypermultiplets related to weights ±e 2 come from strings 
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in the [T3]2 diagram. By including both of them, we can form the complete components of 
the fundamental hypermultiplets of Sp( 2). 

With the parameterisation (3.5) and similarly that from the [T^ diagram, we can ex¬ 
plicitly compute the topological string partition function as well as the decoupled factor for 
the rank 2 Eq theory. Due to the relation (3.1), it is enough to compute the topological 
string partition function from the [X3] 12 diagrams, which is essentially the topological string 
partition function from the T3 diagram. The computation of the topological string partition 
function for the T3 diagram was done in [21, 22] and we make use of the result by changing 
the parameterisation into that of the [Tyjo diagrams. Then the topological string partition 
function from the [73)1 diagram is 


7p3]l 
^top 

y[ T 3]i 

z 


0 

Pah 


zp 11 • zf 311 • zF 3]i , 

i7(e ± “i- m 1 )i7(e ± "i +m3 ) (n a =2,4 H(e~ ai±m °- 

TJ (✓->—2 cu \2 


J 1 


17715 


Z [T3\l = (h( e ~(mi-m 2 )\ 




(3.7) 


H(e ~ 2ai ) 2 

Y u ^ 1 l+l^le-d^l-sd^l+I^D) 

2 (nLi 2 sinh 2 sinh Pw 4 -pr nh 2 sinh 

i=iseui nj=i (2sinh^) 2 seu 3 (2 sinh p) 2 


We introduced some notations for the simplicity of the expressions 


H{Q) = I] (l-Qq^- 1 ) (3.8) 

*j=1 

Eij(s) = /3i — (3j — e {lin(s) + a Uj (s) + l) , (3-9) 

where /?o = /?3 = 0, (3\ = —^2 = a 1,1/0 = 0 and q = e 9a = e e . g s is the topological string 
coupling. Also we defined H(e ±x+y ) := H(e x+y )H(e~ x+y ). 

Similarly, the decoupled factor for the [T^Ji diagram is 


7p3]i _ y[ T 3]i 7 [T 3 ]i 7 [T 3 ]i 

^ dec ~ *dec ,= ' ^dec,\\ ' *dec ,,//’ 


z £i = 1 » 




He 


r( m 2-m 3 ) 


He 


,-(mi-m 3 ) 


-1 


(3.10) 


7pa]i 

^aec,|| 


^77 e _ |( mi + m2 + m3 + m4_m5 )^ }J | e -(™5-m4)j j-[ e -k(mi+m 2 +m 3 -m 4 +m 5 )^ 


-1 


7pa]i 
^ dec,H 


H 


(u e F mi+m2 + m3 + m4+rn5 )^ H ^ e _ ( m5 + m4 )^ 


77 


u g ](mi+m2+m 3 -m4-m5) 


-1 


In (3.10) we used the symbols =, || and // to denote the contributions to the decoupled factor 
associated with parallel horizontal, vertical and diagonal legs respectively. 
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The partition function associated to the [T3] 1 diagram is obtained by dividing z Q ]l b y 


42 ]l > which is 


Z, 


Ps] 1 


7p3]i top ^p3 ]i _ y[T 3 ]i 

7 [T 3 ] 1 ^pert ' n inst 
Z dec 


7 Tali 

-‘pert 

An]i 


110=1,5 ^(' 


,±ai-m a 


H{e 


±ai+m 3 > 


) n a=2 ,4^( 


,-ai±m„ 


yOUl _ rr 


H 


H(e~ 2a !) 2 

e _ ^ mi+m2+m3+m 4 - m5 )j H e _ i( mi + m2 + m 3 -m 4 +m 5 )^ 


e |( mi + m2 + m 3+ m 4+m 5 )^ ^ e i(mi+m2+m 3 -m4-m 5 ) 

( e -(m 5 ±m 4 )) u |^ 1 |+|^l e -(k 3 |-| ( k 1 |+k 2 | ) )m 5 

fl-( e ±ai-m 5 ) 

n;:i 2sini, E, v 


nn 

j=l sSi/i 


2 sinh £i3 ~ m4 


n,=i (2sinh -f 


n ^ =1 2 sinh ^3i±22M 
5SV3 (2 sinh ^f) 2 


( 3 . 11 ) 


\ r p 1 Ft 1 1 

Z pe l t ' is the perturbative part and Z\^ is the instanton part of the partition function. Note 


\ r T' 1 r \ 

that Z\ does not include a non-trivial term at order O(u 0 ) due to the identity [ 22 , 42 ] 

[]- = i 2sinh E 3 l T mA _ H(e ai ~ m 5 )H(e~° il ~ m5 ) 


E' 

v 3 


,-|^ 3 |"l5 


n 

s£v 3 


( 2 sinh 2 H (e -( m5 " m4 )))H ( e -( m 5+™4))' 


( 3 . 12 ) 


The partition function Z^ 1 exactly agrees with the partition function of the Sp{ 1 ) gauge 
theory with five fundamental hypermultiplets and this was checked up to 3 -instanton in [ 21 ] 
when we regard u as the instanton fugacity of the Sp( 1 ) gauge theory. 

Then, the partition function from the [T3]2 diagram is essentially the same as that from 
the [T3] 1 diagram except for the exchange of the Coulomb branch moduli, namely 


Z ™ 2 [a 2 , {mi,2,3, 4 ,5}, u\ = Z ™ 1 [a 2 , {1711,2,3,4,5}, u] , ( 3 . 13 ) 

where the right-hand side of ( 3 . 13 ) is ( 3 . 11 ) with a 2 used instead of a\. Here, {7711,2,3,4,5} 
means a set of mass parameters mi, • • • , m 5. 

Due to the relation ( 3 . 4 ), we have obtained the partition function of the rank 2 Eq theory 
realised by the web diagram in Figure 12 , 

z rk2 e 6 = Z [T 3 \ 4 [aij { mii 2 , 3 , 4)5 }, u] • Z^b [a 2 , {mi, 2,3,4, 5 }, u] , (3.14) 

where u is now identified with the instanton fugacity of the Sp( 2 ) gauge theory. 
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Let us see whether the result (3.14) agrees with the field theory result. The perturbative 
part is given by 

rk2 Eq 
^ pert 


(3.15) 

By comparing (3.15) with (C.32) with N = 2 ,Nf = 5 inserted. (3.15) is precisely equal 
to the perturbative contribution of the Sp(2 ) gauge theory with five massive fundamental 
hypermultiplets and one massless anti-symmetric hypermultiplet up to the contribution from 
the Cartan part of the vector multiplet and also some subtle divergent factors. Note that the 
factors from the massless anti-symmetric hypermultiplet do not appear in Z^ t Ee because 
they are cancelled by the factors from a part of the vector multiplet. 

Let us then turn to the comparison of the 1-instanton part. Since the partition function 
of the rank 2 Eq theory is the product of the partition functions from the [Tq] p 2 diagrams 
(3.14), the 1-instanton part is simply given by 

z ^inst = Z[Tsl1 [“1> ( m b2,3,4,5},«] Id^u 1 ) + Z^ 1 [<*2, >1,2,3,4,5}, u] |0( u i), (3.16) 

where |o( u i) implies taking the term at order (^(ti 1 ). Since the partition function of the 
X3 theory agrees with the Nekrasov partition function of the Sp(l) gauge theory with five 
fundamental hypermultiplet [21], the 1-instanton part of Z^ 1 [an, {7711,2,3,4,5}, u] is the 1- 
instanton part of the Nekrasov partition function of the Sp( 1) gauge theory with five flavours, 
which is (C.22) with Nf = 5 and e+ = 0. e+ = 0 is due to the fact that we use the unrefined 
topological vertex. Therefore, (3.16) becomes 

~rk2 E 6 _ \ / Hg=l 2 sin)l ^ I nail 2cos ^ \ (O 1 7 \ 

l-mst 2 y 2 sinh 2 sinh 2 sinh ^2 cosh j 

This completely agrees with the field theory result of (C.23) with N = 2 and e identified with 
e_. In (3.17) we introduced the notation sinh(±x) := sinh(x) sinh(— x). 

Moreover we have checked agreement of the partition function (3.14) of the rank 2 Eq 
theory with the partition function of the Sp{2) theory with 5 flavours and one massless anti¬ 
symmetric hypermultiplet at 2-instanton in the special limit where one of the masses of the 
fundamental hypermultiplets is set to zero 11 . The method of how to compute the Sp( 2) 
instanton partition function at the 2-instanton level is summarised at the end of appendix 
C.l. 

14 The reason why we set one mass to zero is not a fundamental issue but a technical issue. Namely our 
computer program checking the equality did not end in a reasonable time when we chose all the masses are 
general. 


(ria= 1 ,5^( e±ai " m “)) tf(e ±Ql+m3 ) (n s= 2,4^(e' ai±m “)) 

H{e~ 2ai ) 2 

(n a=1 ^(^- m “)) H(e^+ m 3) (n s=2 , 4 ff(e- Q2±m “)) 

H(e~ 2a 2) 2 
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Figure 14. The web diagram for the rank 2 £7 theory. 

3.2 Rank 2 E 7 theory 

Next example is the rank 2 £7 theory which is realised by the web diagram in Figure 14. 
The UV theory is the Tg theory with three full punctures. Then, we go to a Higgs branch 
where one full puncture is reduced to [4,4] and the other full punctures are reduced to 
[2, 2,2, 2], The vev of the hypermultiplets induces an RG flow and we obtain the rank 2 £7 
theory at low energies. The puncture with [4,4] gives an SU( 2) flavour symmetry and the 
two punctures with [2, 2, 2, 2] yields SU{A) x SU{A) flavour symmetries. The total flavour 
symmetries SJJ{ 2) x SU{ 4) x SU( 4) can be embedded in £ 7 . The rank N £7 theory is 
realised by Higgsing the three full punctures of the theory down to one [21V, 21V] and 

two [IV, N, N, N]. The mass deformation of the rank N £7 theory is the Sp(N ) gauge theory 
with six fundamental hypermultiplets and one anti-symmetric hypermultiplet. 

Again, we can see that the web diagram of the rank 2 £7 theory is composed by two 
copies of the web diagram of the rank 1 £7 theory. The web diagram of the rank 1 £7 theory 
is shown in Figure 15. We will call one copy of the rank 1 £7 web diagram with the larger 
closed face as [£ 7 ]! web diagram, and another copy with the smaller closed face as [£ 7]2 web 
diagram. The topological vertex formalism of Higgsed web diagrams again implies that the 
topological string partition function from the rank 2 £7 diagram is given by 

ztp Er = z\op ]l [Pi] ■ zlop h [P 2 ] , (3.18) 

where zj ^ 1 [£,,] represents the topological string partition function from the [£ 7 ^ diagram 
with a set of parameters and moduli Pi, for i = 1,2. The decoupled factor of the rank 2 £7 
diagram is also written by a product 

Zfc El = zj£ h [ft] ■ [ft]. (3.19) 
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Figure 15. The [£ 7 ]i web diagram for the rank 1 £7 theory. 


where Z[Pi] represents the decoupled factor of the [£ 7 ]* diagram with a set of parameters 
Pi, for i = 1,2. Therefore, the partition function of the rank 2 £7 theory realised by the web 
diagram Figure 14 can be obtained by 


ry l'k2 E 7 

yvk2 E 7 _ _top 
^ ~ 7 rk2 E 7 

^ dec 


[Pi] z£' J w 

45 1, in]' 42 b ra' 


(3.20) 


Hence, in order to compute the partition function of the rank 2 £7 theory, it is enough to 
compute the partition function from the [£ 7 ] 1 web diagram and then multiply it by the same 
function with different arguments. 

As in the case of the parameterisation of the rank 2 Eq theory, the parameterisation of the 
rank 2 £7 theory is determined by making use of the parameterisation of the rank 1 £7 theory. 
The relation between the gauge theory parameters and the lengths of five-branes for the rank 
1 £7 theory was determined in [21]. The only difference between the parameterisation of the 
[£ 7 ] 1 diagram and that of the [£7] 2 diagram is whether we use the Coulomb branch modulus 
ai or « 2 - Here, a\ is related to the size of the larger closed face and 0:2 is related to the size 
of the smaller closed face. More precisely, we use the parameterisation 


Ql = e -(m 1 -ai) > q 2 = e -(«i —m 2 ) j 

Q 5 =e-( m 5-“i), Q 6 = e -( m e-“i), 


Q 3 = e -(-“ 1 -^3) ) Q 4 = e -(m 4 +ai) j 

Q f = e ~ 2ai , Q b = ue - a i-^(- m i +m2+m 3+ ra 4- ra 5-™6) i 

(3.21) 


for the [£ 7)1 web diagram. The correspondence between Q and 5-branes is depicted in Figure 
15. u is the instanton fugacity of the Sp{ 2) gauge theory. The parameterisation of the [£7)2 
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diagram is the same as (3.21) except that a\ is exchanged with a^- We also choose the 
parameterisation such that the center of mass of the larger closed face coincides with the 
center of mass of the smaller closed face. The theory realised by the web diagram should 
be the Sp( 2) gauge theory with six massive fundamental hypermultiplets and one massless 
anti-symmetric hypermultiplet. 

With the parameterisation of (3.21) and similarly that from the [Efy web diagram, we 
perform the explicit computation of the topological string partition function from the rank 2 
Ej web diagram by making use of the technique developed in section 2. Due to the product 
structure (3.20), we first compute the topological string partition function from the [Ej\ i 
diagram. The refined version of the computation was essentially done in section 6.3 of [21], 
but we repeat the computation here since the discussion of the decoupled factor from the 
rank 1 Ej diagram was unclear in [21]. The application of the topological vertex to the web 
diagram Figure 15 gives the topological string partition function 

4% ]l = E (-Qbt 1 K-QbQ2Q5 1 t 2 K-Q 5 ) lU3l (-Q6)^K-QiQ2)^ 1 K-QfQ2 1 Q3) 1 ^ 

T^l j' ” ,^4, Ml,-” ,^8 

(-Qi) lM3l (-Q2) l/i4l (-Q/Q2 1 ) l/i5 '(-Q3) lM6l (-Q/Qr 1 ) lM7l (-Q4) lM81 

C , 0/X10 ( ( i)^ , 0/U30 (l/)^ , A t 4 A t 5 i/ 3 ( 9 )C/tg/t|l '2 

^0/47^1 (9)C/t|/i* (9)^/4801/2 ( 9 )^ 001/4 ( 9 )- (3.22) 

The straightforward computation by using the formulae in appendix A.l gives 

z]J ]l = Z [Er]l ■ Z [El]l ■ Z\ Ev]l , (3.23) 

^ (j\ a=2A tf(W“ 1±m “)) 

Z ° ~~ H (e -2 " 1 ) 2 


[E7]i _ 


7J1 


w ki| + k2| e -(k3|-|(|^i| + k2|))m 5e -(|^ 4 |-|(|^i|+|^2|))m 6 


Vl,V2,VZ,V± 


j-j (^ria=i,3 ^ sinh 2 


) 2 sinh Ea ~ m2 2 sinh ^ 4 ~ m4 


j=l s£Ui 


n,=i (2 sinh -f 


nil 2 sinh njU 2 sinh 

sei/s (2 sinh ^P) 2 sgI/4 (2 sinh 


Z^ 1 = 2 (3.24) 

We defined /3o = /?3 = /?4 = 0, A = — /?2 = au, i/o = 0- 

The decoupled factor can be also directly read off from the Higgsed diagram. Namely it 
is associated to the contribution from strings between the parallel external legs of the Higgsed 
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diagram, which is, in this case, the [£ 7 ] 1 web diagram in Figure 15. The decoupled factor 
from the [£V]i diagram is given by 


y[ E 7]l _ y[ E 7]l yl E 7]l y[ E 7]l 
^dec — ^dec,=3 ' *dec,\\ ' <iec,//’ 


(3.25) 


where 


d-®r]i _ 


J dec,= 


= H 


(QiQsQf 1 


-2 


= H (V (mi ~ m3) ) 2 , 


[£ 7)1 _ 


dec. 


H (Q 2 Q5 ) _1 H (QiQb)- 1 H (QfQ^Qe) 1 H {QiQ 2 QM~ l 
H {QiQ^QeQfQbV 1 H {Q^Q^QbQeQfQbV 1 

— | e -(m5-m 2 )j 1 ^e-^( m l’ l " m2+m 3+ m 4- m 5- m 6)j 1 ^g—( m 6— 

H (ue~ 5 ( mi_m 2 + 7 n 3 +m 4 +m 5 -m 6 )^ 1 ^ ue —^(mi+m 2 +m 3 - m 4 — m 5 +m s )\ 


-1 


-1 


H [ue 2 


- l(mi—m2+m 3 —m 4 —m 5 —me) 


-1 


42,// = # {QfQ^Qs) 1 # (^QsQl^fe) 1 (Q 4 Q 6)- 1 H {QsQ^QsQfQb) 

H {Q 2 Q?,Q&Qb) 1 H {QzQzQsQfQb) 1 

_ 7/ ^ e -(m 5 +m 2 )^ 1 | U g5( m l+ m 2+ m 3+™4+ra5+™6)j 1 ^ g -(m 6 +m 4 

H ^Ue^ mi ~ m2 + m 3+ m ^~ m 5+ m 6)'j 1 ]-[ | Ue )( m l+ m2 +™3- m 4+ m 5-™6)j 1 
£1 |«e^ mi_m 2 +m 3- m 4- m 5- m6 )j 1 


Again, we used the symbols =, || and // to denote the contributions that come from strings 
between the parallel horizontal, vertical and diagonal legs respectively. 

By combining the topological string partition function (3.23) with the decoupled factor 
(3.25), we obtain the partition function associated to the [£Y]i web diagram 


^lEy\i 


y[ E 7] 1 

^top _ y[E 7 ]i ^[Er ]i 

y [E 7 ]i ' ' A pert ' 

^ dec 


(3.26) 


Z. 


[E r ]i _ V^“ =1 ' 5 ’ 6 


±ai—m Q 


H(e 


±ai+T7l3> 


) n„2.4»o 




pert 


H{e 


—2ai 4 
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v! E 7]l 

n inst 


= H 


^ ue -^{ T ni+m2+m3+m4,-m 5 - m 6)\ ^ e -\{m 1 -m 2 +rn 3 +rn, 4 +rn 5 -rn 6 )'^ 

H (ue~^ mi +m2 +m 3 “ m 4-m 5 +m 6 )\ ^ ue -^(mi-m 2 +m 3 -m 4 -m 5 -m 6 )^j 

H ^ ue ^( mi + m 2 + m 3+ m 4+ m 5+me |ne^( m i _m 2' l '™3+ m 4 _m 5+ m 6)j 

H ^ne5 (mi+m2+m3 - m4 + m 5-™6)^ ]-J ^ ue ^(m 1 -m2+rn 3 -rri4-rns-rn 6 )^j 

H ( e -(m 5 ±m 2 )^ H ( e -(m 6 ±m 4 )) ^ u |^|+|^| e -(|^|-i(|^|+|^|))m 5e -(| V4 |-l ( |^|+|«^| ) ) m6 


i7( e ±ai-m5)^( e ±ai-m 6 ) 


^ 1,^2 ,^3,^4 


2 (n„=i 3 2 sinh Ei0 2 m ° ^ 2 sinh Ei3 2 m2 2 sinh 


Ej4-m.4 

2 


i=l sgj/i 


nLi ( 2 sinh ^ 


nLilsinhjg^ n n- = i2sinh^±^ 

sev3 (2 sinh ^rp ) 2 . se „ 4 (2 sinh ^f ) 2 


The instanton part of the partition function starts from 1 at order O(u 0 ) due to the 

identity (3.12). The expression (3.26) exactly agrees with the partition function of the rank 
1 Ey theory obtained in [21]. The computation presented here is simplified compared to the 
computation in [21] in two respects. First, the partition function has four Young diagram 
summations from the first whereas the partition function of the UV T 4 theory has six Young 
diagram summations which reduces to the four Young diagram summations after the Higgsing. 
Second, we do not need to eliminate the decoupled factor in two steps where we first eliminate 
the decoupled factor of the UV diagram and then eliminate the singlet hypermultiplet in the 
Higgsed vacuum. In this formalism, we just remove the decoupled factor associated to the IR 
diagram of Figure 15. 

The partition function associated to the \E 7\2 web diagram is simply given by the same 
function as (3.26) with the Coulomb branch moduli exchanged 


Z^{a 2 ,{mi 


, 2 ,3,4,5 ,6 },«] 


Z^ E7 ^ 1 [a.2 1 {mi,2, 3 , 4, 5 , 6}, u]. 


(3.27) 


After obtaining the partition function associated to the [Ey]i diagram, it is easy to obtain 
the partition function of the rank 2 Ey theory realised by the web diagram in Figure 14 due 
to the product relation (3.20), 

Z lk2 hl = {mi, 2 , 3 ,4, 5 ,6}, u] ■ Z^ E 7 ^[a 2 , {^ 1 , 2 , 3 ,4, 5 ,6},«]■ (3.28) 


The perturbative part of the partition function (3.28) is 


^ 7 rk 2 E 7 
^pert 


(n„ = i,5,6^(e ±Q1 " ma )) ^(e ± “ 1+ma ) (n a =2,4^(e"“ 1±ma )) 

H (e -2 " 1 ) 2 

(n„ = l,5,6^(e ±Q2 - m “)) tf(e ±Q2+m3 ) (ria=2,4 H(e~ a2±ma )^j 

H (e -2 “ 2 ) 2 
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Figure 16. The web diagram for the rank 2 Eg theory. 


By the comparison with (C.32). this is precisely the perturbative contribution from six fun¬ 
damental hypermultiplets with mass 7714,2,3,4,5,6) one massless anti-symmetric hypermultiplet, 
and Sp( 2 ) vector multiplet. 

Also the 1 -instanton part of the partition function from the [£ 7 ] 1 web diagram should be 
the 1 -instanton contribution of the Sp( 1) gauge theory with six flavours since (3.26) agrees 
with the partition function of the rank 1 E 7 theory. Therefore, its contribution is written by 
(C.22) with e+ = 0, e_ = e and m = 0. Hence the 1-instanton part of Z^ t Er is given by the 
sum of the 1 -instanton part of the partition function from the [£ 7 ] 1 diagram and that from 
the [£ 7)2 diagram, 



(3.29) 


This result completely agrees with the field theory computation of the 1 -instanton part (C.23) 
of the partition function of the Sp( 2 ) gauge theory with six fundamental hypermultiplets and 
one massless anti-symmetric hypermultiplet by setting N = 2, = e. 

Moreover we have checked agreement of the partition function of the rank 2 E^ theory 


with the partition function of a Sp( 2 ) theory with 6 flavours and one massless anti-symmetric 


hypermultiplet at 2 -instanton in the special limit where one of the masses of the fundamental 
hypermultiplets is set to zero 1 ' 5 . 

3.3 Rank 2 Eg theory 


The last example we would like to discuss is the rank 2 Eg which can be realised by the web 
diagram in Figure 16. In this case the UV theory is the T 12 theory and in order to realise rank 


2 Eg theory it is necessary to go into the Higgs branch to have the original three full punctures 
15 Again, the reason why we set one mass to zero is the technical issue. 
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Figure 17. The web diagram for the rank 1 Eg theory. 

reduced to [6, 6], [4,4,4] and [2, 2, 2, 2, 2, 2] In this situation the flavour symmetry of the theory 
is SU(2 ) x SU( 3) x £77(6) which can be embedded in Eg. It is possible to generalise this 
construction to realise rank N Eg theory by going into the Higgs branch of Tqn theory and 
reducing the original three full punctures to [3N, 3IV], [2N,2N,2N] and [N,N,N,N, N, N]. 
We will show by computing explicitly its topological string partition function that rank 2 Eg 
theory for a specific choice of parameters (to be discussed later) is an Sp(2 ) gauge theory 
with 7 fundamental hypermultiplets and one massless antisymmetric hypermultiplet. This 
leads us to conjecture that the same happens for rank N Eg theory, namely that for some 
specific choice of parameters rank N Eg theory is a Sp(N) gauge theory with 7 fundamental 
hypermultiplets and one massless antisymmetric hypermultiplet. 

Like in the previous examples discussed in this section it is possible to see that the 
diagram of rank 2 Eg theory is made of two copies of a Eg theory whose diagram is displayed 
in Figure 17. We shall call [Eg] \ the external copy of the rank 1 Eg diagram and [.Eg] 2 the 
internal copy. The fact that the diagram of the rank 2 Eg theory is made of two copies of 
a rank 1 Eg diagram implies that the topological string partition function has the following 
structure 

< Ea = ZQ ]1 [Pi] ■ [P 2 ] (3.30) 
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where zj ( ^’ [Pj] is the topological string partition function of the rank 1 Eg theory with the 
set of parameters and moduli [P,;]. Note however that, like in the previous examples, the 
two set of parameters [Pl] and [P 2 ] are not independent but there are some simple relations 
between the two (which we will discuss later) implied by the structure of the web diagram. 
Moreover the particular structure of the web diagram of the rank 2 Eg theory implies that 
also the decoupled factor of the theory has a product structure 

Zfec E8 = Zfec 1 [^l] ' Z fec 2 [^] , (3.31) 


where [Pj] is the decoupled factor of a single rank 1 Eg theory with parameters [p]. 

Summing up we find that the partition function of the rank 2 Eg theory is 


^rk2 Eg 

yik2 Eg _ “top 
^ ~ 7 rk2 Eg 

^dec 


4g h w 4g lz w 
42 1 ' Pi] ra' 


(3.32) 


Because of this particular structure we will focus on the computation of the partition function 
of a single rank 1 Eg theory and then reconstruct the full rank 2 Eg theory partition function 
by multiplying two copies of such partition function with a different set of parameters. 

In the following we will choose the parameters of the web diagram of the rank 2 Eg theory 
so that the centres of mass of the two closed faces present in the diagram coincide: as we 
will show later with this particular choice the partition function of the rank 2 Eg theory for 
a specific choice of parameters coincides with the partition function of a Sp(2 ) gauge theory 
with 7 fundamental hypermultiplets and a massless antisymmetric hypermultiplet. This also 
implies that the parameters defining the [P's] 2 diagram can be obtained by the parameters of 
the [Eg] i diagram by simply replacing the Coulomb branch modulus a\ with the Coulomb 
branch modulus a 2 . Because of this we will simply give the parametrisation for the [Eg] i 
diagram which was determined in [28] 


Q\ = e ai ~ mi , Q 2 = e ~ ai+m2 , Q 3 = e ai+ms , Q 4 = e ai+m4 , 
Q 5 e ai+ms , Q 6 = e ai ~ mr , Q 7 = e ~ ai+m(i , Q b = ue~ ai+f ^ , 


where for sake of simplicity we defined f(m) = | (mi — m 2 — mg — m 4 — mg — m§ + m 7 ). In this 
parametrisation u will be identified with the instanton fugacity of the Sp{2) gauge theory. 

We now will discuss the computation of the partition function of the rank 1 Eg theory 
which will be the first step for the computation of the partition function of the rank 2 Eg 
theory. The topological string partition function for the [Eg] i diagram can be computed using 
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the rules described in section 2 it is given by the following expression 

z!% h = E (-Qi) lMll (-Q/Q2 * 1 ) l/i2l (-Q4g / gi) l/i3l (-QiQ2) l/i4l (-Q7) l/i5l (-Q5) lM61 

Aj 

(-Q2) |Al| (-Q4) |A 2 | (-Q fe Q 5 ) |A 3 | (-g/Q4Q2 1 QbQ5) |A 4 | (-Q/gf 1 * ) |A 5 | (-Q & Q4 ) |A61 

(-Qb)^ ll (-Qb) lU 2 l (-Q3) lU 3 l (-Q3QfQ2 1 ) lU 4 l (-Q6) lual (-QeQfQ7 1 ) M 

C0M30 (9)^341/4 {q)C\tflQ {q)C^^{q)C XA ^ U3 (q)C x t^ 00 {q)C^^(q)C Xl ^ Vi {q)C(q) 

c \ 2 11^1/2 (^)Ca 20 ^| (9)1^0^51/* ( ( i)C'\ 5 f 1 ^ l , 5 (q)c \^ 6U 5 {q)C'\ 6 ij 1 ^u^ (n)^ , Ag 00 ( 9 )C 00 i/‘ (9)^00^ (?) • 

(3.34) 


This expression can be greatly simplified using the rules described in appendix A.l and the 
result is the following 

z£j ]l = zf* ]l • Zf 8 ' 1 ■ Z [ £s]i , ( 3 . 35 ) 

ff(e ± “ 1 - m 1 )fl(e- Q 1 :tm 2 )T(e ±a 1 +m 4)iJ(e±“ 1 + m 5) ff (g-ai±m 6 j 


y[Eg]l 

z o 


i7(e _2ai ) 2 iJ( e m4-m 2 ( e m 5 -m 6 ) 

ff (it g ra 2+™ 5 + m 6+/(m))^( u e m2+m 4 +m6+/(m)) ^ (u e m fc+"*4+m5+/(m) ) 


(3.36) 


g±ai+m2+m4+m5+m6+/(m)J 


I ^3 I +1 ^4 I ^5 I + I ^6 

4^8] 1 _ V" ( u e 2m 3 +/(m)+m2+m5+m6 j 2 / ^ e -2m7+/(m)+m2+m4+m 6 j 2 [ ue /W- mi 

Vi 


z[ Es] 1 = £ 


Z(u 3 ,I 2 4 )Z(l^ 5 , 12 6 ) n n 


rife=l,2,4,5,6 2 sinh 


Ei<b—m k 


*=1,2 «GW 2 sillh ^ 9 +/(m)-m 2 -m 4 -m 5 -m 6 +logt t ^ ^ ^ ‘ 


^[-Esll — i^(tt g™2+m4+m5+™6-™l +/(™)2 

where /3 1 = ~p 2 = «i and moreover we defined 

2 sinh sinh ^l 2 sinh 

zto-Kf) = IT - 7 -7W- 7 -— 

(2 sinh 2 sinh 

-p-r Pi-Pj 2 sinh Ej<t> n mi 2 sinh gj2 o’" 2 2 sinh gj3 „ m3 

\[ e a 


(3.37) 

(3.38) 


(3.39) 


•sSi', 


2 sinh ^ j 2 sinh ' 


with 

1 1 

@3 = ~Pa = ^{m 2 - m 4 ), & = -As = ^{m 7 - m 5 ), 

1 1 

mf 4 = log-u + m 5 + m 6 +-(m 2 + m 4 ) +/(m), ml 4 = mf 4 = --{m 2 + m 4 ), (3.40) 

1 1 

fhf 6 = logrt + m 2 + m 4 + -(777.5 + m 6 ) + f{ m ) , mj 4 = mf 4 = --(m 5 + m s) ■ 


2 
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It is also important to correctly take into account the decoupled factors which can be 
computed from the web diagram using the rule described in section 2.4 


r?[E s]i _ ^[ E s]i _ v-[Es]i _ ^[Es]i 
^ dec ^ dec,- " J 


dec, | 


dec,H 


= H[u g m 2+ m4 + m 5+ m 6-'mi+/(m)j -:y e m 2 +m 4 +m 5 +m 6 +/(m)-' mi ^—1 


(3.41) 

(3.42) 


Z [ f e lj f =H(e m 2 +m 3 )- 1 H(ue f ( m) - mi )- 1 H(e m 6 - m 7 )- 1 H{ue m2+m3+f{m '>- mi )- 1 
H(u e m 2 + m 3 + m a+f( m )-mi-m 7 yl H ^ u e m 6 +f(m)-m 1 -rn 7 \-ljj/ e m s -rn6\-l 

H {e m3 ~ m7 )^ 1 H {u e m5+ f( m ')- rni - rn7 )~ 1 H(u e m 2+ m3 +™' 5 +/( m )- mi - m 7)^ 1 (3.43) 

H(u e m3+m i+ m 5 +f( m )-mi-m 7 yl]jy e m 3 +m 4 +/(m)-mi ^-1 

H(u g m3 + m4 + m6 +/( m ) -mi_m 7^-i H(e rn3+rni )- 1 H(e m4 ~ m2 )~ 1 

r?[Eg]i _ jjy ^ m3+m5+rn6+ f^ n )y2^y e m2+m4,+f(m)-m 7 y2jjy2 e m 2 +m 3 +m4,+m 5 +m 6 +f(m)-m 7 y2 

(3.44) 

Note that, in the formalism in section 2, we can simply take into account the decoupled factors 
from the Higgsed diagram without considering the singlet hypermultiplet contribution in the 
Higgsed vacuum. This is one of the advantage of the prescription of using the topological 
vertex rule for Higgsed diagrams instead of UV diagrams. 

By combining the topological string partition function (3.35) with the decoupled factor 
(3.41), we obtain the partition function associated to the [Eg]i web diagram 

4-^8] 1 


y[Eg]l — t°P __ nr[Eg]l ^[Eg ] 7 

~ 7 [Eg\ i _ P^t ^inst 
Z dec 


z 


[®8]l _ 


n„=2,6^(e 


-ai±m a ' 


n 


a=3,4,5 


H(e 


=toi+m a 


Ua=i t rH(e 


±a.\—m a 


pert 


H{e 


- 2 c*i \2 


(3.45) 


(3.46) 
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z. 


inst 


j H(u e m2+m5+m6+ f^ m '))H(u e m 2 +m 4 +m 6 +/(m)^ ^ ^ H(u e m fe+ TO 4 +m 5 +/(m) 'j 

H(e ±ai+rn3 )H(e ±ai ~ m7 )H(u e ±a i+ m 2+ m 4+ m 5+“6+/(m)) 

e m 2+ m 4+ m 5+m6+/(m)-mij^^m6-m7^^ 6 ™2+m 3 +/H-’"l) 
e m 2+m 3 + rn 6+f(m)-' ni -' n 7^H(u e m 6+/H-™i-™7^^m5-mrj 

H(ue ms+ f^~ mi ~ m 7 )H(ue rn 2 +m 3 +rn 5 + f^- mi - mT )H(ue^ m ^~ rni ) 

H(u e m3 + m4 + m5 +/( m ) _mi_m7 )i7( lt e m3+m 4 +/(m)-mn^^m2+m3j 

e m3+mi+rn6+ ^ m ^~ mi ~ m7 ) H (e m3+mi ) H (u e m 3+ m 5+™6+/Wj 2 

e m2+mA+ f H (u? e m 2+ m 3+"»4+m5+m6+/(m)-m7^2 


E 




it e 


^3 I +1 fy 4 

2m3+/(m)+m2+m5+"i6' 2 


u e 


I ^5 I +1 I 

—2m7+/(m)+m2+m4+m6 2 




FT 2 sinh - E ^ +mfe 

I lfc=l, 2 , 4 , 5,6 z smn 2 


z{^,v A )z(v 5 ,v G ) TT TT- 

i=l,2 ^ 2 sinh E *+f(m)~ ™ 2 ~ ™4-m 5 -m 6 +log M ^ ^ ( 2 sinh 

(3.47) 

The instanton part zj^J 1 is appropriately chosen to be 1 at order O(u 0 ). Note that (3.45) 
exactly agrees with the partition function of the rank 1 Eg theory which was computed in 
[28]- 

After obtaining the partition function of the rank 1 Eg theory it is straightforward to 
obtain the partition function of the rank 2 Eg theory for this is simply given by the product 


7vk2 


Eg = {7711,2,3,4,5,6,7},^] • 2 ' [Esll [« 2 ,{mi, 2 , 3 , 4 , 5 , 6 , 7 } ) «] • 


(3.48) 


It follows that the perturbative part is 


r?-rk 2 Eg 
^pert 


(n u= 2 , 6 ^(e-“ i±ma )) (n„ = 3 , 4 , 5 ^(^“ i+ma )) (n„ = i, 7 tf(e ±ai - m “)) 

H(e~ 2ai ) 2 

(na. 2 , e ff(e-«±”«)) (n,„3,i, 5 ff(e ± ">+’"“)) (n„.i J 24(e ± “ I - m -)) 

H(e~ 2 “ 2 ) 2 


(3.49) 


By comparing this result with (C.32), one can see that this is exactly the perturbative con¬ 
tribution from seven fundamental hypermultiplets with masses given by 171 ^ 2 , 3 , 4 , 5 , 6 , 7 , one 
massless antisymmetric hypermultiplet and the Sp( 2) vector multiplet. Like in the previous 
examples discussed in this section we see that the contribution of the anti-symmetric hyper¬ 
multiplet does not appear in (3.49) because it is cancelled by some factors in the Sp( 2) vector 
multiplet contribution. 

It is also possible to compute the instanton contributions to the partition function of the 
rank 2 Eg theory. At 1-instanton level the result is particularly simple because it is simply 
the sum of the 1-instanton part of the [Eg] 1 diagram and the 1-instanton part of the [.Eg] 2 


l^i 1 + 1 ^ 21 

2 
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diagram. The 1-instanton part of each diagram agrees with the expression (C.22) of the 
partition function of an Sp( 1) gauge theory with Nf = 7 fundamental flavours 


7 vk2 E s = £ 

^1-inst q / j 


Ui 


2sinti V 


2 ^ | 2 sinh ±^2 sinh ^ 


+ 


II a =i 2 cosh ^ 
2 sinh ^2 cosh 


(3.50) 


which agrees with the expression (C.23) of the 1-instanton part of Sp(2 ) with seven funda¬ 
mental hypermultiplets and one massless antisymmetric hypermultiplets computed on the 
field theory side. 

Moreover we have checked agreement of the partition function of the rank 2 Eg theory 
with the partition function of a Sp(2 ) theory with 7 flavours and one massless anti-symmetric 
hypermultiplet at 2-instanton in the special limit where one of the masses of the fundamental 
hypermultiplets is set to zero 16 . 

3.4 Rank N Eqj^ theories 

The generalisation to the partition functions of the rank N Eq,Et,Es theories is straight¬ 
forward. The web diagrams of the rank N Eqj^ theories are simply the superposition of 
N copies of the web diagram of the rank 1 P6,7,8 theories respectively [3]. Therefore, the 
topological vertex formalism on the rank N .Eg,7,8 diagrams shows that it can be written by 
the product 


v f +1 __ 




n 


J top 


z aec S 


"[Pi] 


(3.51) 


\En~ -)-l]i [E]\f 

where Z top [Pi] and Z dec 1 [Pj] represent the topological string partition function and 
the decoupled factor computed from the i- th copy of the web diagram of the rank N Ejy f+ 1 
theory. In this subsection, Nf always mean either Nf = 5, 6, or 7. We also consider special web 
diagrams such that the centres of mass of all the closed faces in the diagram coincide with each 
other. In this particular situation the web diagram realises an Sp(N) gauge theory with Nf 
fundamental hypermultiplets and with a massless anti-symmetric hypermultiplet. Moreover, 
we essentially choose the same parameterisation as (3.5), (3.21) and (3.33) for the first copy of 
the web diagram of the rank N Eq, Ej, Eg theories respectively, The parameterisation of the 
i-th copy is simply obtained by exchanging ai with cm. The product (3.51) is more precisely 
given by 


Z'kN E N+' = [] 


N r 7 \- EN f+^ i r r -i 1 

A™ [oti, {mi,- ,Nff, u \ 


J top 


i= 1 


Z dec 




(3.52) 


where each factor z top 1 


a i ,{m L ..., Nf },u]/Z i 


[E Nf+1 ]i 


dec 


[{mi r . ,N f }, u\ for Nf = 5,6,7 is es¬ 


sentially given by (3.11), (3.26) and (3.45) respectively with a\ exchanged with aj. 


b Again, the reason why we set one mass to zero is the technical issue. 
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One can easily see that (3.52) correctly realises the perturbative part and the 1-instanton 
part of the partition function of the Sp(N ) gauge theory with Nf fundamental hypermultiplets 
and one massless anti-symmetric hypermultiplet. The perturbative part of (3.52) is given by 

Z pert Nf+1 = flz [ p J t f+l]l [a i ,{m lj ... }Nf+l }]. (3.53) 

2—1 


This indeed agrees with the perturbative partition function (C.32) of the Sp(N) gauge theory 
with Nf flavours and a massless anti-symmetric hypermultiplet. 

Also, the 1-instanton part of (3.52) is given by 


rkN E Nf+1 
^ 1-inst 


Z inst f+lh i a i > i m b- ,N f }, «]| 0 (u) 

1=1 


(3.54) 


. . . [Av, + l]i 1 ,, . 

Since the 1-mstanton part of the partition function Z ins / reproduces the 1-mstanton part 
of the partition function of the Sp( 1) gauge theory with Nf flavours and a massless anti¬ 
symmetric hypermultiplet with the Coulomb branch modulus a*, (3.54) precisely agrees with 
(C.23). 

We have seen that the partition function of the Sp(N) gauge theory with Nf fundamen¬ 
tal hypermultiplets and a massless anti-symmetric hypermultiplet always shows the product 
structure. A physical reason why the factorisation happens may be that we are studying an 
IR theory in a Higgs branch of the Sp(N) gauge theory with a non-vanishing vev for a “0” 
weight of the anti-symmetric hypermultiplet 1 '. When it acquires a vev along the “0” weight 
of the anti-symmetric representation of Sp(N), then the Cartan parts remain massless but 
some (but not all) of the root components of the adjoint representation of the Sp(N) vector 
multiplet become massive. In fact the Sp(N) gauge group is broken to 5^(1)^ by the vev. 

The factorisation of the partition function of the Sp(N) gauge theories with massless 
anti-symmetric hypermultiplet is consistent with the fact that the Seiberg-Witten curves of 
the theories also factorise [43, 44]. Although the product structure of the Seiberg-Witten 
curves imply that the prepotential is written by the sum of N copies of Sp( 1) prepotential, 
our analysis shows that the full Nekrasov partition function itself also factorises. 


4 Towards refined topological vertex for Higgsed 5d Tn theories 

In this section, we extend the analysis in section 2 to the refined topological vertex for Higgsed 
5d T/v theories. In some special cases, we can derive new refined topological vertex that can 
be directly applied to Higgsed web diagrams. In all the computation of the refined topological 
string partition function, we will choose the horizontal directions as the preferred directions. 

17 The anti-symmetric hypermultiplet can acquire a non-vanishing vev because it is massless. 
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A 2 


Figure 18. Higgsing of parallel horizontal legs in a T/v diagram. The orange dots indicate the curves 
that are shrunk to zero length and the double lines the preferred directions. 


4.1 Refined topological vertex, external horizontal legs 

We will start by considering the case in which the external legs that we put on top of each 
other are horizontal. We show in Figure 18 the diagram we consider. The local part of 
the topological string partition function can be easily computed using the refined topological 
vertex and the result is 

/ /o\ 

^ ' 


Here we used the tuning condition (2.1). It is possible to perform also in this case the Young 
diagrams summations over [i\ and \i 2 arriving at the following expression 


Z = 


E(-» 


IHI+I6I 




I A 11 — I a 2 1 —1^1 1 -IC 2 I 

2 




t 2 Z u (t, q) 


S X\/ V M P ) S A 2 /r, 3 ( i P ) s v\/(,M Pf l ' t ) S ri t 2 /eS t P ) 8 r&/b( q P( 1 ") 

JJ (1 - q i p- 1 - u i)( 1 - q l -^P~ l ) 

11 (1 - q i+lp-2) ■ 


(4.2) 


In this case looking at the infinite product factor we see that the result will be zero unless 
v = 0, and so in the following we will focus in this case. In this situation using (B.8) it is 
possible to perform some additional simplifications and arrive at the following simple result 


Z = q 


Il4ll 2 


IIA 2 II 2 / q\ |Ai|+|A 2 | 




3 N-HA 1 HA 21 

2 


s \\/k(q p )s\ 2 / K (t p ) n 


(1 - qHi- 1 ) 2 


^ (1 - q i+1 P~ 2 ) ’ 
(4.3) 
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Figure 19. Higgsing of parallel vertical legs in a T/v diagram. The orange dots indicate the curves 
that are shrunk to zero length and the double lines the preferred directions. 


Motivated by the form of the result we will define the new vertex 


C\^(q,t) = q 2 t~ 




311) | +1A | -1 ai 

t \ 2 


S\t/rj{q p t P( 1 " ) ( 4 - 4 ) 


which allows us to rewrite (4.3) as 

Z= (t) c \iX 2 H)(q,t) , (4.5) 

where we also dropped the infinite product terms which only contribute to the decoupled 
factor. Therefore we see that in the case of putting a pair of parallel horizontal external 
legs on top of each other we can use the new refined topological vertex (4.5) to compute the 
partition function for a Higgsed diagram. 


4.2 Refined topological vertex, external vertical and diagonal legs 

We then consider a Higgs branch realised by a tuning that places parallel external NS5-branes 
on top of each other. Since the refined topological vertex is not symmetric under the exchange 
between the three Young diagrams, one needs to work on this case separately. 

The corresponding local diagram is depicted in Figure 19. The refined topological string 
partition function for the local diagram is 

Z(\ 1 ,v 1 ,\ 2 ) = ( — (“) ) C mUi (9,*)^ti^(t,9)C A20M t(g,t). (4.6) 

Ml,M2 V / 


-40- 










Here we used the tuning condition (2.2). It is possible to sum over the Young diagram of fi\ 
in (4.6), 


Z(Ai, ui, A 2 ) — ^2 


V 2 ,V 


1 \ IH 
t 


g,|(lhill 2 +llM 2 || 2 )^ 5 (||Ai||-||^|| 2 +||/i||| 2 )^ i (^ l ^ t)Zfj 2 (t, q)Z^ (q, t) 


^/^(^ +l 9“^ l )*A*(i"'‘ t 2 +l ?"^ § )v(- i “ Al+ ^" P " 1 ) 


] [ ^1 - 

*J =1 


(4.7) 


The last term of (4.7) indicates that the /r 2 summation of (4.7) is bounded by the Young 
diagram Ai. More precisely, (4.7) is zero unless Ai^ < /4 * for each i. In the /u 2 summation, 
we can proceed further for a special case where fi 2 = X\- When /j 2 = A), (4.7) further reduces 
to 

/f\W 00 

Z(A 1 ,0,A 2 )| /i2=M = - C Xa9Xl (q,t) n (WV), (4-8) 

V<?/ i,i=l 

where indicates extracting the term of /j, 2 = A* in the /i 2 summation. In this case, v\ 

is restricted to 0. 

For general Young diagrams of v \, A 2 , it is difficult to get an analytic expression after 
performing the summations of ^ 2 and r/. However, we can still perform the summation in a 
special case where v\ = 0, A 2 = 0. In fact in this particular situation we find that 


E M (-Q) l/12l ^ ll/12||2 ^ ll/lt2l|2 ^2(t,?)^‘(?,*) nS=i (i - 



IM 

2 q'H 

(4.9) 


This identity has been checked order by order in Q up to |// 2 | =4. The denominator of the 
left-hand side of (4.9) can be evaluated exactly, 


52(-Q)n 

i,j =1 


M 2 

OO 


n 


hi=i 


t ' 2 g^V | ( 1 - (-V ] (l - Qj-hi-l 


(4.10) 


By using (4.7), (4.9) and (4.10), we obtain 

i \ l Al I 


Z(\M) = (-) c mx fy,t) n 


(4.11) 


The three factors at the end of (4.11) may be a part of the decoupled factor. Hence, we can 
use a different new refined topological vertex 


/*\M 

Z{ Ai,0,0)=(-J CWai (?>*)> 


(4.12) 
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0 



Figure 20. Higgsing of parallel diagonal legs in a Tjv diagram. The orange dots indicate the curves 
that are shrunk to zero length and the double lines the preferred directions. 


when v\ = A 2 = 0 in Figure 19. 

Note that (4.11) is obtained by setting A 2 = 0 in (4.7) up to decoupled factors. This is 
not a coincidence. Since the numerator of (4.9) starts from 0{Q\ Xl \), the coefficient at this 
order is dictated by the Young diagram ^2 = A*. Therefore, (4.11) agrees with (4.7) when 
A 2 = 0 up to the decoupled factor. 

It is also possible to consider a Higgs branch realised by placing external (l,l)-branes 
on top of each other. The diagram is shown in Figure 20. In this case the local part of the 
partition function is 

/ /<7\ -\ l^l + IH 

Z(\ 1 ,v 1 ,\ 2 ) = (-(j) 2 ) C ^i\M^)C vlll \^{t,q)C U2 ^{q,t) , (4.13) 

Mi .M2 ' ' 


where we have used the tuning condition (2.1). It is possible to perform the yui summation 
in (4.13) and the result is 


z(Ai, u\, a 2 ) — y; 


M2 ,v 


l/X2 ' t §(||A 2 |P+||^|P+||A 1 ||-) 9 |(||^l| 2 -||A*|P)^ Ai( ^ t) 


Sv l/v (t~ p - 5 q-w+h )s X2 (t-P+-2 q-&-\)s v t (q~ x i+n-P- l 2) 

V 


IK 1 -* 

hj = 1 


_ ^-mIj-1,0 


(4.14) 


Note that like in the previous case there is a bound on the ^2 summation which in this case 
is Aij < fi 2 ,i- Again it is difficult to obtain an analytic expression after performing the /i 2 
and f] summations for general A 2 and v \, however in the special case A 2 = v\ = 0 there are 
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some great simplifications. In particular we find that 




E«(-Q) l « | i( |l '‘" l|S d ll » l|a z„(*,<!)^.(9,*) n3.i( 1 -« i “" 5j 'V) 


Therefore like in the case of placing parallel vertical legs on top of each other 
up to some decoupled factors, it is possible to write the local contribution to 
function using a new vertex 



(4.15) 
we find that, 
the partition 


Z(A!,0,0)= (|) |All C 00Al (g,t). 


(4.16) 


5 Conclusion and discussion 


In this paper we have developed a computational method that allows to apply the topological 
vertex directly to a general Higgsed Xjv web diagram which is not dual to a toric geometry. 
By carefully dealing with the Higgsing prescription in a local part of a strip diagram, the 
topological string partition function of this strip diagram with non-trivial representations on 
all the external leg can be replaced by the standard topological vertex with a specific relation 
between the representations, a fact that nicely fits with the intuition from the Higgsed web 
diagram. We also argued that we can simply remove the decoupled factors directly read off 
from the Higgsed web diagram to reproduce the partition function of the IR theory in the 
Higgs vacuum without removing singlet hypermultiplets in the vacuum. Summing up, we can 
simply apply the method of the standard topological vertex as well as the decoupled factor 
to a Higgsed T'n diagram although it does not corresponds to a toric geometry in the dual 
picture. 

Let us highlight the advantages of our method compared to the known prescription in 
[21, 28]. Since we directly apply the topological vertex to a Higgsed diagram the computation 
of the topological string partition function is greatly simplified compared to the computation 
of the topological string partition function for its UV theory. In particular the number of 
Young diagram summations is reduced compared to the UV computation. From the viewpoint 
of the UV partition function it is necessary to see the trivialisation of the Young diagram 
summations by carefully looking at the tuning conditions in the partition function. However 
this process is automatic when we make use of our method. Moreover, in the previous 
prescription it was necessary to remove the contributions of singlet hypermultiplets in the 
Higgs vacuum which are completely absent using our method. The only contribution which 
we need to remove is the decoupled factor which can be easily read off from the Higgsed 
diagram. Therefore with our method it is possible to skip two of the steps of the previous 
method giving therefore a great simplification. 

In order to exemplify our method we have explicitly computed the partition function of 
the rank 2 i? 6 , 7,8 theories directly from their Higgsed diagrams. Although the diagrams are 
quite complicated, our method greatly simplifies the calculation and moreover, by directly 
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applying the topological vertex to the Higgsed web diagram, it is clear that the partition 
function of the special higher rank En s +i theories with a massless hypermultiplet has the 
product structure. We have also found the complete agreement with their held theory results. 

Finally, we extended our method to some special cases of the refined topological vertex. 
When we consider putting parallel external D5-branes together, it is possible to reduce the 
refined topological string partition function on the corresponding strip diagram to a function 
associated to a trivalent vertex. The function is similar to the refined topological vertex 
but it is slightly different. Therefore, we defined the new refined topological vertex, and it 
can be used to compute the partition function associated to the Higgsing which arises from 
coincident D5-branes. 

We can proceed in the refined topological vertex for the case of coincident NS5-branes. In 
this case, we can successfully sum up the Young diagrams for a very special case where all but 
one Young diagrams are trivial on the external legs. Even this special case leads to another 
new refined topological vertex. It would be very interesting to generalise the computation 
by allowing more general Young diagrams on the external legs. In the special case, it was 
important to note that the expression (4.9) gives only one term. When one generalises it with 
a non-trivial v\ or A 2 (but either of them is trivial), it gives more terms but still we observed 
that the series expansion Q terminate at finite order. More specifically, it starts from 0(Q^ Xl ^) 
and ends at ©(QlYI+MH^I) or 0(Ql Al l + l A2 l) respectively. It is interesting to understand the 
essential reason why this termination occurs, and also find any analytic expression for their 
coefficients. So far, the termination occurs with general Q in (4.9). It would be interesting 

to see if setting Q = " could simplify the computation. 

In this paper, we have focused on the standard Higgsing with a vev which is constant 
over the spacetime. In fact, one can consider different Higgsing with a position-dependent 
vev. The position-dependent vev triggers an RG flow and the low energy theory may contain 
a surface defect [37]. In [45], the tuning condition corresponding to the different Higgsing was 
used to compute the five-dimensional super conformal index of theories with surface defects. 
It would be interesting to extend our analysis so that it can be applied to the cases with 
surface defects. 

Finally, there has recently been a lot of progress in computing the elliptic genera of strings 
in six-dimensional superconformal field theories [46-53] and also the elliptic genera of strings 
in five-dimensional superconformal field theories [54, 55]. It would be interesting to see if our 
prescription can be applied to such computation. 
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A Partition function from the refined topological vertex 

We summarise the rules of the refined topological vertex and also the decoupled factor to set 
the convention used in this paper. 


A.l Refined topological vertex 

The topological string partition function can be defined as an exponential of a generating 
function of the Gromov-Witten invariants of a Calabi-Yau threefold X, 


Z top = exp 



(A.l) 


where g s is the topological string coupling and T g is the genus g topological string amplitude 

T g = Y, N c Qc- ( A - 2 ) 

CeH 2 (X, Z) 


Qc is defined by Qc ■= e~ $c J where J is the Kahler form of X , and Nq is the genus g 
Gromov-Witten invariant. Although it is difficult to compute the higher genus topological 
string amplitudes directly, the M-theory interpretation of the topological string amplitude 
enables us to write down the all genus answer [56, 57], Moreover, if the Calabi-Yau threefold 
is toric, the refined topological vertex [19, 20] can compute the refined version of the all genus 
topological string partition function up to constant map contributions in a diagrammatic way. 
We call such a partition function the refined topological string partition function. 

In order to apply the refined topological vertex to a toric Calabi-Yau threefold, we first 
choose the preferred direction in the toric diagram. In this paper, we choose the horizontal 
direction as the preferred direction unless stated. For other lines, we assign two parameters t 
and q. At each trivalent vertex, one leg is in the preferred direction, t is assigned to another 
leg, and q is assigned to the other leg. For each internal line we assign a Young diagram with 
an orientation and for each external leg we assign a trivial diagram. 

We then assign the refined topological vertex for each trivalent vertex shown in Figure 

21 




Z v {t,q)Y 


M+IV-H 

S\t/ V ( t~ p q~ u ) s ph (t~ vt q~ p J , 

(A.3) 
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q) 


Figure 21. A trivalent vertex with a particular assignment of Young diagrams, the preferred direction 
and t, q. || represents an line in the preferred direction. 




Figure 22. Two examples of a propagator connecting two vertices. The left figure shows a propagator 
in the preferred direction. The right figure shows a propagator in the non-preferred direction. 


where |A| := JY A, and ||A|| 2 := ^YA 2 . A, stands for the height of z-th column 18 . sw ? (x) is 
the skew Schur function defined as (B.3), and p := — z + (i = 1, 2, ■ • •). Z u (t , q) is dehned 
as 

Z v (t, q) := , (A.4) 

where l u (i,j) := zzj — j is the leg length and a v (i,j) := Vj — i is the arm length of the Young 
diagram m 

For each propagator with a Young diagram in Figure 22, which connects two ver¬ 
tices, we assign the Kahler parameter Q = e~ $c J associated to the size of the two-cycle C 
corresponding to the internal line and also the framing factor 

{-QPfuit^T or (-Q)H/,M) n (A.5) 


fu(t,q) is the framing factor for the preferred direction 

„ , , . _ x I,.. |A|| 2 mi 2 

fu(t,q):=(-ly v k 2 q 2 


(A.6) 


18 Our convention of writing a Young diagram is that the height of a column is equal to or higher than the 
height of its right column. 
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Figure 23. A diagram with parallel external legs. The right-hand side stands for a diagram whose 


refined topological string partition function reproduce the decoupled factor of the theory from the 
diagram in the left. 

f u (t, q ) is the framing factor for the non-preferred direction 



(A.7) 


n is defined as n = det(ui. V 2 ) where v\, v? are vectors depicted in Figure 22. 

The rehned topological string partition function up to the constant map contributions 
can be computed by combining the vertices, propagators and then sum up all the Young 
diagrams. 

In fact, the toric diagrams in the M-theory compactification are dual to webs of (p, q) 
5-branes [58]. In the dual picture, the five-dimensional theory is effectively realised on the 
world volume theory on the 5-branes compactihed on segments. 

The unrefined topological string partition function can be obtained is simply by setting 
t = q. Therefore, the rule of the topological vertex is given by setting t = q in (A.3) and 
(A. 5), which is essentially the same rule obtained in [59, 60]. 

A.2 Decoupled factor 

The refined topological string partition itself does not reproduce the Nekrasov partition func¬ 
tion of the five-dimensional theory realised by the M-theory compactification on the toric 
Calabi-Yau threefold X , but we need to eliminate some factors which come from BPS states 
with no gauge charge [21, 22, 24, 25]. In the dual brane picture, those BPS states come 
from strings between parallel external legs. We call such a factor as decoupled factor. The 
decoupled factor can be obtained by the refined topological string partition function of a strip 
diagram with parallel external legs. 

Let us consider a simple example of Figure 23. Left figure in Figure 23 represents a 
diagram with parallel external vertical legs. The refined topological string partition function 
from the diagram contains the decoupled factor associated to the parallel external legs. The 
contribution can be extracted by computing the refined topological string partition function 
on the right figure in Figure 23, which is the toric diagram of a local Calabi-Yau threefold 
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(A.8) 


0{— 2) © O fibered over P 1 . The factor can be explicitly written as 

oo 

Zdec,\\ = n (1 -Qq i V- 1 T 1 . 
i,j =1 


Eq. (A.8) may be seen as a part of the perturbative partition function of a vector 
multiplet. Namely, it does not contain the full spin content of a vector multiplet. From 
the perspective of 5d BPS states labeled by ( ji,j r ), which are quantum numbers under 
SU(2)i X SU(2) r C 50(4), a vector multiplet may be written as [2(0,0) + (|,0)] <g> (0, |). 
Then the contribution (A.8) comes from components of the tensor product between a half- 
hypermultiplet, i.e. [2(0,0) + ©0)], and a lower component of (0, ^). The non-full spin 
content appears since the moduli space of the P 1 inside 0(— 2) © O fibered over P 1 is non¬ 
compact. Therefore, as for removing the decoupled factor, we may also say that we remove 
the contribution of components which do not fill the full spin content of the vector multiplet 
or recover the invariance under the exchange between q and t [22, 24, 25]. 

After removing the decoupled factor, we can obtain the 5d Nekrasov partition function 
of the theory realised by a web diagram, 


ZNek ~ 


Z^top 

Zdec ’ 


(A.9) 


with appropriate parametrisation. 


B Schur functions 

In this appendix we will recall some facts about Schur functions that will be used in the main 
text. Recall that Schur functions s fl (x) are certain symmetric polynomials in n variables Xj 
indexed by a Young diagram /r. Among the different ways of expressing these functions we 
will choose to use the first Jacobi-Trudi formula to relate them to complete homogeneous 
symmetric polynomials 

s^(x) = det [h^+j-i] , 1 < i, j < n, (B.l) 

where the complete homogeneous symmetric polynomials of degree k in n variables are defined 
as 

k 

hk(x)= II X% :i ( R2 ) 

j=l 

It is also possible to define a generalisation of Schur functions (called skew Schur functions) 
in terms of two partitions A and /r such that A interlaces /r as 

VaW = det [htn-\j+j-i], 1 <i,j <n. (B.3) 

Since Schur functions form an orthonormal basis of symmetric polynomials it is possible to 
express skew Schur functions in terms of Schur functions using the Littlewood-Richardson 
coefficients 

Va( x ) = ^( x ) • ( B - 4 ) 

V 
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In the computations of topological string partition functions it is often necessary to use the 
following identities of Schur functions 


Y s v( x ) s v(y) = II t 1 ~ XiV ^ 1 ’ ( B - 5 ) 

M i,j=1 

oo 

Y V( x ) s m(2/) = II ( 1 + x iyj)- ( B - 6 ) 

A* i,j= 1 

Moreover in the main text we will also use two additional identities: the first one is the 
following one 19 

X>1) M S^(x)s ut/Xt (x) = (-l)l'V, (B.7) 

V 

and the second one which readily follows from (B.7) is the following one 

Y(~ 1 ) M+]k1 / K ( x )s K t /^(x) = s x /z(x) . (B.8) 

r),K 


C Sp(N) Nekrasov partition functions 

In section 3, we computed the partition functions of rank 2 theories by directly 

applying the new rules of the topological vertex to the web diagrams. The mass deformation of 
the rank 2 Eq, E-j, E$ theories triggers an RG flow to the Sp( 2) gauge theories with Nf = 5, 6, 7 
fundamental and Na = 1 anti-symmetric hypermultiplets respectively. In this appendix, we 
recall the results of the Nekrasov partition functions of the Sp(N) gauge theories with Nf 
flavours and an anti-symmetric hypermultiplet. 


C.l Sp(N ) instanton partition functions 

The 5d Sp(N ) gauge theories with Nf flavours and one anti-symmetric hypermultiplet are 
realised on the worldvolume theory on N D4-branes with Nf D8-branes and one 08-plane. 
The Witten index of the ADHM quantum mechanics on k DO-branes in the system gives the 
k instanton partition function up to a factor which is a contribution of DO-branes moving on 
the worldvolume of the D8-branes and the 08-plane [12]. The index of the ADHM quantum 
mechanics is given by the Witten index with some fugacities associated to symmetries of the 
theory 


Zqm ( £ i) £ 2 j on, z) — Tr (—1) 


F e ~P{Q,Q ] } g-tiNi+E) e -£2{J2+JR) g-ailk e -r 


(C.l) 


Q , Q t are supercharges that commute with the fugacities. F is the Fermion number oper¬ 
ator, Ji, J2 are the Cartan generators of the spacetime rotation 50(4), Jr is the Cartan 
generator of the 51/(2) R-symmetry, n* are the Cartan generators of the gauge group, and 

19 See for instance [61] for a proof of this identity. 
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F' a are the Cartan generators of the flavour symmetry. ei,e 2 ,ct!j,m a are chemical poten¬ 
tials associated to the symmetries. In particular, a* are the Coulomb branch moduli, m a 
are the mass parameters. In comparison with the refined topological string partition func¬ 
tion, we choose q = e~ £2 ,t = e £l . The instanton partition function is then basically given by 
Zqm = Ylk ZQM uk U P t° the factor from the D0-D8-O8 bound states. Here u is the instanton 
fugacity of the gauge group. 

We will simply quote the final result of (C.l) for the Sp{N ) gauge theories with Nf 
flavours and one anti-symmetric hypermultiplet. The dual gauge group on the k DO-branes 
for the Sp(N ) gauge theory is O(k), which have two components. Hence, we have two 
contributions Z± from 0{k)± at each instanton order, and the end result from fc-instanton is 
written by [10, 12] 


ryK, 

^QM ~ 


zi + z k 


(C.2) 


Z± consists of the contribution from the vector multiplet Z± ec , the fundamental hypermultiplet 
Z^und. an d the anti-symmetric hypermultiplet Z± nti 


Z^ = 


mi 


TT y± y± y± 

11 27 T i vec ^ fund ^anti■ 


(C.3) 


The integration region is a unit circle. I runs from 1 to n for 0(&)+ with k = 2 n, 2 n + 1. As 
for 0(k)_, I runs from 1 to n for k = 2n + 1, and 1 to n — 1 for k = 2 n. \W\ is the order of 
the Weyl group of 0(k)±, 


nnr° = ^, 1 ^=^, < G4 > 


where x is defined as k = 2n + x, (x — 0,1). The integrands from the 0(fc)+ component is 


7+ 

vec 


TT o ■ i ^ ( t >1 ( 11/ 2 sinh vr 2 sinh + \ 

M 8111 1 2 sinh HL 2 sinh ^ 11 2 sinh J 

” 2 sinh e + -A- 2 sinh 

2 sinh ±£ -+ £ + 2 sinh 2 sinh W 2 sinh ±h±fh^=+f± 

(C.5) 


^anti 


' uti 2 sinh 2 sinh ±h± ™~ e ~ 


2 S mh 




n 


2 sinh 


/= i 2 sinh ■ 9 

±4>i±4>j±m— e_ 


n 

7=1 


±$i±$j±m--_e+ 
I<J Z Mlm 2 


2 sinh ±m ~ e - n^! 2 sinh 

2 S inh ±^z£+ 2 sinh ±m- ir~ 


(C.6) 


N f 


a= 1 


z fund= n \ ( 2sinh ^y n 2sinh 


±ct>i + m a 


i=i 


(C.7) 
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Here we defined 2sinh(a ± b) = 2sinh(a) 2sinh(6). We also defined e+ = ei % e2 , e_ = 

On the other hand, the integrands from the 0(k)- component depend on whether k is even 
or odd. When k = 2n + 1, we have 


z: 


TT r, ■ 1 ±0/ ± <t>J ( n? 2 cos h TT 2 cosh + \ 

M Smi 2 l2sinh^nL2cosh±teM2cosh^^J 

” 2 sinh e + A 2 sinh 

2 sinh ±£ -+ £ + 2 sinh ±Ml^=±l+ 2 sinh ±fr±«*+ e + ^ 2 sinh ±fr±*J±*-+*+ 

(C.8) 


W n —i. m-tai n 2 (jQgh 2 ±m-e- n N 9 oiTlV , ±</>j±ai-m 


ri t=i 2 cosh 


= i«.=i- - A TT ^ ^ 011 2 ^ oimi 2 n;=i 2 s mh 2 

anti 2 sinh ^ 1J; 2 cosh 2 sinh ^±2 sinh 2 


d=2</>jd=m—e_|_ 


n 2 sinh ±^±<0±m-e_ 

11 o ±<Pi±<f>j± m —£+ 

I<J Z fallm 2 


(C.9) 


JV f 


a=l 


z fund = n ( 2 c ° sh n 2 sinh 


±<t>i + m a 


i=i 


(C.10) 


When k = 2n, we have 


n—1 


^ = n 2 sinh —^ir (f>j n 2 sin M±0j) 


/<j 


2 cosh(e + ) 


2 sinh ±e_+e + 0 „ ; „ u/ , . , , M-riV 


n—1 

n 


2 sinh(=t</>/ + 2e + ) 


n—1 

n 

i=i 


2 2 sinh(±e_ + e+) ni=i 2 sinh(±aj + e + ) ^ 2 sinh(±0/ ± + e+) 

2 sinh e+ 


n—1 


2 sinh ±^±2 sinh ±2 ^ ± f~+ e+ n=i 2 sinh ££ 2 sinh 


±(/>j±Q-i+£+ 


2 sinh ± ^ ± ^+ 2e + 

n 


±</>i±^j±£-+e+ 


(C.ll) 


7~ — 

^anti 


2 cosh ±m . 2 € nili 2 sinh(m ± a*) 
2 sinh " t= ^ £+ 2 sinh(m ± e+) 


f -i-r 2 sinh(±</>j ± m — e_' 

) 2 sinh ±m 2 “ e ' ft i 2 sinh ±0,± 2 “>- m 

n—i 

TT 

J- -L 2 sinh(±</>j ± m — e_ 

) 2 sinh ±m 2 " e+ 2 sinh ±2 ^±™- e + 

11 

/<J 


2 sinh 


± </>/ ± <j> j ± m—e _ 


±0.T±</>j±m-e+ 


JV, 


n—1 


2 sinh 


Z /w = II 2 sinh m a J] 2 sinh 


±4>i + m 0 


(C.12) 

(C.13) 


a= 1 


7=1 
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Note that we included the Haar measure into the integrands. 

The summation Zqm is not exactly the instanton partition function of the Sp(N) gauge 
theories but we need to factor out the contribution from the D0-D8-O8 bound states. The 
contribution is written by the Plethystic exponential 


ZD0-D8-O8 = PE[fN f (x,y, 
where /jvy is [12] 

/o = - - T . jz - 


v, Wi,u)\ = exp 


'™ f Nf (x n ,y n ,v n ,w?,u n ) 

n 

_n=l 


(C.14) 


f*f = ~7 


f r-- { 
fs = 

We defined x = e ~ e+ . 


t 2 

;)C 

t 2 

;)C 

t 2 


We defined x = e ~ e+ , y = e~ e ~ ,v = e 
character of the positive chirality 
is 


—m 


/ 


(C.15) 

V / 

for 1 < iVy < 5, 

(C.16) 

t\ (^(y*) 3 2 { } 

+ 9 2 ). 

(C.17) 

t\ {oxiVi) 64 ( } 
/ 

+ q 2 x{yi) f 4 ° (14) ), 

(C.18) 

ZTLa r 

e 2 tor a = 1, • 


is the 


Nt 


ix y Nf 

x(™i) s 2 °f-i f) =\ n 2 sinh ^+\ n 2 c ° sh ma 


a= 1 a= 1 

The instanton partition functions of the Sp(N) gauge theories are then given by 


7 S P (N) = Zq m 
^inst ~ 


(C.19) 


(C.20) 


2uD0-D8-O8 

Let us explicitly write down the 1-instanton part of (C.20). At the 1-instanton order, we 
do not have the contour integral in (C.3) and it is straightforward to obtain 

7 S P (N) _ 1/ EC] 2 sinh ^ 

^1 -inst 


_ n£i2 8 mh^-n£, 

' 2 sinh e + = * :e_ <-» ■ 1 iou+e-i. n _■ 1 m- te_i 


;1 2 sinh ±ai + £ + 
2 sinh m ± t+ 


= If n2i2sinh^ 

2 l 2 sinh Y[f=i 2 sinh ±ai + e + - — 2 

nSi 2 «.sh nf.i 2 cosh _ n”, 2 co 5 h , 

2sinh^±|^niIi2cosh±l^± 2sinh m ± £+ - /' 

When, N = 1, then (C.21) reduces 


(C.21) 


1 to 


z S P (i) = 1 
^1-inst 2 


n^i2sinh^ n^ii2cosh^ 

2 sinh 2 sinh ±Q + £+ 2 sinh e+ ^ e ~ 2 cosh ±a + £+ 


(C.22) 
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In the special cases with rn = 0, e + = 0, the 1-instanton part of the Sp(N) gauge theory, 
(C.21), can be written by the N copies of the 1-instanton part of the Sp( 1) gauge theory, 
(C.22), 


ySp(N), 

^l-inst |m=e+=0 


if^f n;Si2smh^ | nfii2cosh^ \ 

2 “ | 2 sinh ^lp2 sinh 2 sinh ^^2 cosh J 


(C.23) 


One can show (C.23) for arbitrary N by induction. 

From the 2-instanton order, we need to carefully evaluate the contour integral in (C.3) 
[12]. In this case it is necessary to evaluate the contour integrals only for the 0(2)+ compo¬ 
nent. In particular we find that the integrand has simple poles at the zeroes of the hyperbolic 
sines in the denominator with the general form 


1 

sinh 


(C.24) 


where Q is an integer. The prescription of [12] to compute Z\ is to take the sum of the 
residues of the integrand at the poles with Q > 0. Equivalently we can take the contour 
of integration to be the unit circle in the variable z = and replace t = e~ e+ in Z+ ec and 
T = e _£+ in Z+ nti and taking i<Cl and T>1. These two procedures are equivalent because 
if t is taken sufficiently small and T sufficiently large only the poles with Q > 0 will lay 
inside the unit circle in z. We find that for an Sp(N) gauge theory with one anti-symmetric 
hypermultiplet and Nf fundamental flavours there are 8 + 2IV poles, 4 coming from Z~ ntl and 
4 + 2N coming from Z+ ec . In particular the poles are located at 


fa — _ 2^ e+ + e_ ) ’ 

fa = -^(e+ + e_) + Z7T, 


fa = — 2 ( e + ~ e -) > 

fa = ~\( e + — C-) +Z7T, 


fa = g (e+ -m), 

fa = 7 ,( e + - rn) + m, 


fa = ^(e+ + m), 

fa = 7 ,( e + + m) + m, 


4*8 +i = £+ Q-i 5 

fa+N+i = — e+ + OLi , 1 = 1,. 

■ ■ ■ ,N 


(C.25) 


By evaluating the residues at the poles, we obtain the Sp(N) partition function from the 
0(2)+ component. The Sp(N) partition function from the 0(2)_ component is obtained 
straightforwardly since it does not involve the contour integrals. 


C.2 Perturbative partition functions 

We summarise the results of the perturbative contribution to the partition function. 
The perturbative contribution from a vector multiplet of a gauge group G is [10] 

II n (2 sinh (i ~ 1)ei + (i 2 ~ 1)e2 + r ' a ) 1 (2 sinh +** + ’"<») 1 , 
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where r represents all the root vectors of the Lie algebra of g. a is a vector of the Coulomb 
branch moduli. On the other hand, the perturbative contribution from a hypermultiplet in a 
representation R and a mass m is [10] 

|| IJ f 2 sinh + 

i,j =1 w£R V 



where w is all the weight vectors of the representation R. To obtain (C.26) and (C.27) on the 
held theory side, constant divergent factors are factored out. Therefore, we will ignore any 
constant prefactor in the perturbative partition functions. 

Then, we move on to the unrefined case of e\ = —62 = e and obtain the expression of 
the perturbative partition function which is appropriate for the comparison with the pertur¬ 
bative contribution in the topological string partition function. We also focus on the Sp(N) 
gauge theory with five fundamental hypermultiplets with mass m a , o = 1, • ■ ■ Nf and an anti¬ 
symmetric hypermultiplet with mass m. The vector multiplet contribution can be written 
as 


yvec 
^pert 


i+j-iy N 


n [(!-« 

i,j= 1 

'[I (1 - e ak+ai q i+j - l )~ l (1 - e~ ak+ai q i+j ~ l y l (l - e^-^+i - 1 ) -1 (l - e -a fc -ay+i-l) 


-1 


1 <k<l<N 

JJ (1 - e 2ak q i+ i- l y l (1 - e- 2ak q l+J - V y 

1 <k<N 

where the explicit expressions of the root vectors r = ±efc ± e/, ±2efc with 1 < k < l < N are 
used. The first line of (C.28) is the contribution from the Cartan part of the Sp(N ) vector 
multiplet. To obtain the expression (C.28), we used analytic continuation 


n ~ c ^ 1 iq 


1 

2 _ 


ex p 


Q k 


1 


q 


i,j =1 

OO 


n (l - Q flq J ) 2 = ex P ( 
i,j =1 


Kk y 2k (1 - t k ) (1 - q k ) 

Q k t k 1 \ 

[y 2k (1 - t k ) (1 - q k )) = 


I I (1 -Qi'-V) 5 , 


i,j =1 


n i 1 - ^v _i ) 5 , 

i,j=l 


(C.28) 


and then setting t = q. Similarly, the perturbative contribution from the fundamental hyper¬ 
multiplets is 


N f N 

11 nil 1 ' - " 1 - 

i,j =1 a= 1 fc=l 


e a k -m aq i+j- 1) ^ _ 


e -a k -m a( ji+j -1 j 


(C.29) 


We used the fact that the weights of the fundamental representation are Te*,, {k = 1, • ■ • , N ), 
and also analytic continuation 


uu ^ 

jT[ ^1 — Qt l ~^q~^ + ^j = exp 

*d=i 


Q k t~2 q~2 \ 
^ k (1 - t k ) (1 - q k ) J 


n (1 - Q f v *) > 

i,j =1 

(C.30) 
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and then setting t = q. Note that we have an overall divergent factor in (C.29). In the 
comparison with the perturbative contribution from the topological string partition function, 
we ignore the factor. The perturbative contribution from the anti-symmetric hypermultiplet 
is 


ryanti-sym _ 

^pert 


n n 

i,j =1 l<k<l<N 


(1 - 


e Oi k +ai-m^i+j- 1^ ^ _ 


e -a k +°n-m qi+j-l j 


(l _ e a k -ai-mqi+j-l'j ^ _ e ~a k -ai-m^i+j- 1^ 

(1 - e~ m q i+j - 1 ) , (C.31) 


where we used the fact that the weights of the anti-symmetric representation are (1 < 

k < l < N ) and 0, and also the analytic continuation (C.30) again. Hence, the perturbative 
partition function of the Sp(N ) gauge theory with Nf fundamental hypermultiplets and one 
anti-synunetric hypermultiplet is simply given by the product of (C.28), (C.29) and (C.31). 

When we further concentrate on the case where mass of the anti-symmetric hypermulti¬ 
plet is zero, i.e. m = 0, there is a cancellation between the contribution of the anti-symmetric 
hypermultiplet and that of a part of the vector multiplet. In fact, the perturbative partition 
function of the anti-symmetric hypermultiplet disappears up to the divergent factor. More 
explicitly, the perturbative partition function becomes 

OO 

Zpert — j i 
i,j= 1 

(C.32) 


(1 _ qi+ j-lyN +1 g n£l (1 - (1 - e -« fc -m 0g i+i-l) 

fc=l 


(1 - e 2oLk q i+ ^~ 1 ) (1 - e -^kqi+j-i) 


up to the divergent factors. We compare (C.32) with the perturbative part of the partition 
function obtained from the topological vertex computation for rank N Eq,Ej,Es theories. 

There is another subtle point when one tries to compare (C.32) with the topological 
string result. By using the identity 

OO OO 

n (! - Q<l l+] ~ V ) = II (! - WT , (C.33) 

i,j =1 n =1 

one can obtain 

OO OO 

n (! - Q<n n = n (-Q) n ^ 2 (i - Q-\- n ) n 

n =1 n =1 

N 

= n (-Q) n Q n 2 ^-Q~\ n ) n 

n— 1 
N 

= J] {-QY(}-Q-\ n ) n ■ (c. 34 ) 

71 = 1 
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From the first line to the second line of (C.34), we used analytic continuation 

oo / oo k \ oo 

nti-Q-vr-exp ?)=n t 1 -«'V)”• < a35 ) 

n= 1 \ k =1 V I J J n =1 

From the second line to the third line of (C.34) we used the zeta function regularisation 
£(—2) = 0. Therefore, as for the perturbative factor, the factor with Q is basically the 
same as the factor with Q up to the regularisation and also the divergent factor. In the 
comparison between (C.32) and the perturbative contribution from the topological string 
partition function, we will neglect the subtlety regarding the regularisation, the divergent 
factor and also the analytic continuation. 
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